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Abstract. Given an open book decomposition {S, h) adapted to a closed, ori- 
ented 3-manifoId AI, we define a chain map $ from a certain Heegaard Floer 
ciiain complex associated to (S, h) to a certain embedded contact homology 
chain complex associated to (S, h), as defined in [CGHl], and prove that it in- 
duces an isomorphism on the level of homology. This implies the isomorphism 
between the hat version of Heegaard Floer homology of —AI and the hat version 
of embedded contact homology of M. 
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1. Introduction AND MAIN RESULTS 

This is the second in a series of papers devoted to proving the equivalence of 
Heegaard Floer homology and embedded contact homology. The goal of this paper 
and its sequel [CGH2] is to establish an isomorphism between the hat versions 
of the Heegaard Floer homology and embedded contact homology (abbreviated 
ECH) groups associated to a closed, oriented 3-manifold M. The results of this 
paper were announced in [CGHO]. The isomorphism between the plus version of 
Heegaard Floer homology and the usual version of ECH will be given in [CGH3]. 

Heegaard Floer homology, defined by Ozsvath-Szabo [OSzl, 0Sz2], a priori 
depends on the choice of a Heegaard surface S for M, a basepoint 2; G S, totally 
real tori Tq, in 5ym^(E), and an almost complex structure on S'ym^(S). How- 
ever, it was shown to be independent of those choices, i.e., is a topological invariant 
of M. On the other hand, ECH, defined by Hutchings [Hul, Hu2, HTl, HT2] a 
priori depends on the choice of a contact form a on M and an adapted almost com- 
plex structure J on the symplectization M x M. There is currently no direct proof 
of the fact that the ECH groups are topological invariants of M (or even invari- 
ants of the contact structure ker a, for that matter); the only known proof is due to 
Taubes [Tl, T2], and is a consequence of the equivalence between Seiberg-Witten 
Floer cohomology and ECH. 

In this paper we will use F = Z/2Z coefficients (or coefficients in a module A 
over ¥[H2{M\ 7.)]) for both Heegaard Floer homology and ECH. 

A natural setting for relating Heegaard Floer homology and ECH is that of open 
book decompositions. In the foundational work [Gi2], Giroux proved the equiva- 
lence of contact structures up to isomorphism and (abstract) open book decompo- 
sitions modulo stabilization. Let {S, h) be a pair consisting of a compact oriented 
surface S with nonempty boundary (sometimes called a bordered surface) and a 
diffeomorphism h : S ^ S which restricts to the identity on dS. Let K C M he 
a Unk. Then M admits an open book decomposition {S, h) with binding K if there 
is a homeomorphism 

{{S X [0, 1])/ ~, {dS X [0, 1])/ ~) ~ {M,K). 

Here the equivalence relation ~ is generated by {x, 1) ~ {h{x), 0) for a; € 5" and 
(y, t) ~ [y, t') for y G dS and t, t' € [0, 1]. Let ^(^s,h) be the contact structure that 
corresponds to {S, h) under the Giroux correspondence. In this paper we assume 
that dS is connected, unless stated otherwise. 

1.1. Main result. The main result of this paper and its sequel [CGH2] is the fol- 
lowing: 

Theorem 1.1.1. There is an isomorphism 

$0 : HF{-M,B^^^^.^+PD{A)) ^ ECH{M,^^s,h), A), 

where A € Hi(M;Z), defined via an open book decomposition {S,h) of M. 
Moreover, $0 sends the Heegaard Floer contact invariant for ^(^s,h) to the ECH 
contact invariant for ^(^s,h)- 
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There is a similar map for the so-called twisted coefficients. Let A be any 
module over the group ring ¥[H2{M;Z)]. We denote the versions of Heegaard 
Floer homology and ECH with twisted coefficients in A by HF (—M,5\ A) and 
ECH (M, ^,A;A). Twisted coefficients are defined in [0Sz2, Section 8] for Hee- 
gaard Floer homology and in [HS2, Section 11] for ECH. 

Theorem 1.1.2, There is an ¥[H2{M] 'L)]-module isomorphism 

where A € Hi{M;Z), defined via an open book decomposition {S,h) of M. 
Moreover, $o sends the Heegaard Floer contact invariant for E,(s,h) to the ECH 
contact invariant for ^(^s,h)- 

On the other hand, Taubes [T2] has proven that Seiberg-Witten Floer cohomol- 
ogy and ECH are isomorphic. Let HM{M) be the homology of the mapping cone 

of f/t : CiM) C{M), where C{M) is the chain complex for HM{M). Com- 
bining Taubes' theorem with Theorem 1.1.1, we obtain the following "corollary": 

Corollary 1.1.3. HF{M,s) ~ HAI {M , s) for any 5 G Spin''{M). 

An alternate proof of the HF=ECH correspondence has recently been given by 
Kutluhan-Lee-Taubes [KLT 1 ]-[KLT5] . 

1 .2. Outline of proof. The isomorphism $o is defined via an intermediary N = 
Af(^s,h)' called the suspension of [S, h), and which is given as follows: 

AT = 5 X [0, 1]/ ~, (x,l)~(/i(x),0). 

In the first paper of our series [CGHl], we introduced the ECH group ECH{N, dN), 
given as a direct Umit 

ECH{N,dN) = lim ECHj{N), 

j-5>00 

where j is the number of intersections of an orbit set with a page S x {0} of an 
open book and the direct limit is taken with respect to the maps 

{3j), : ECHj{N) ECHj+i{N) 

induced by inclusions. The following was proved in [CGHl]: 

Theorem 1.2.1. ECH{M) ~ ECH{N,dN). 

The map $o is, roughly speaking, the composition of 

: HF{-M) ^ ECH2g{N), 
induced by a symplectic cobordism W+, followed by the natural map 

ECH2g{N) lim ECHj{N), 

j->-oo 

induced by the maps (3^)*. Here g is the genus of S. We prove that the map is 
an isomorphism, and then prove that the maps (Jj)* are isomorphisms for j > 2g. 
(Strictly speaking, we need to use a "perturbed" version of limj^oo ECH j{N), 
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as explained in Section 2.5, and replace the ECH groups by certain periodic Floer 
homology groups, as explained in Section 3.) 

1.3. Organization of tlie paper. References from [CGH2] will be written as "Sec- 
tion n.x" to mean "Section x" of [CGH2], for example. 

In Section 2 we recall some results of [CGHl], including the definition of 

ECH{N,dN). In Section 3 we replace the ECH chain complexes ECCj{N) 
by the periodic Floer homology chain complexes PFCj{N), which are techni- 
cally a little easier to use when defining chain maps to and from Heegaard Floer 
homology. Then in Section 4 we (i) review Lipshitz' reformulation of Heegaard 
Floer homology, (ii) restrict the Heegaard Floer chain complex to a page S as in 
[HKMl] and obtain the chain group CF{S, a, /i(a)) whose homology is isomor- 
phic to HF{—M), and (iii) introduce an ECH-type index Ihf for Heegaard Floer 
homology. Section 5 is devoted to describing the moduli spaces of multisections 
which are used in the definitions of the chain maps $ and ^ between the Heegaard 
Floer chain complex CF{S, a, h{a.)) and the periodic Floer homology chain com- 
plex PFC2g{N). Then in Sections 6 and 7 we show that $ and ^ are indeed chain 
maps. The proof that ^' is a chain map is substantially more involved than the proof 
that <^> is a chain map. 

The proofs of the chain homotopies between the chain maps ^' o $ and id, and 
between the chain maps ^ and id, are rather involved and occupy almost all 
(Sections 11.2-11.4) of the sequel [CGH2]. The necessary Gromov-Witten type 
calculations which are used in the proof of the chain homotopy are carried out in 
Section n.2. Finally, in Section n.5 we prove that the close cousins of the maps 
(Jj)* are isomorphisms for j > 2g. 

2. Adapting ECH to an open book decomposition 

In this section we briefly recall the results of [CGHl]. The reader is referred to 
[CGHl] for a more complete discussion; the notation here is the same as that of 
[CGHl], unless indicated otherwise. 

2.1. The first return map. Let be a bordered surface. Let N{dS) c:^ [—£,0] x 
R/Z be a neighborhood of dS with coordinates (y, 9) so that dS = {y = 0}. (The 
sUght difference with [CGHl] is that, in [CGHl, Section 2.3], dS = {y = 1} 
instead of {y = 0}.) Let Diff (S", SS*) be the group of diffeomorphisms h of S 
which restrict to the identity on dS. Given a diffeomorphism h G Diff (S, dS), we 
define the suspension 

Nis,h) = sx[o, ly ~, 

where (x, 1) ~ {h{x),0). 

The following was essentially proved in [CGHl]: 

Lemma 2.1.1. Given h € Diff (5, dS), there exists ho G Diff (5, dS) in the same 
connected component as h, and which satisfies the following: 
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(1) there exists a contact form a on N(^s,h) ^^(^^ ^^'^^ Reeb vector field Ra 
of a is transverse to S x {t}, t G [0, 1], and ho is the first return map of 

Ra on S X {0}; and 

(2) the diffe onto r phi sm Hq restricts to (y, 9) ^ {y,6 — y) on N{dS). 

Moreover, a = ftdt + Pt, where ft is a positive function on S and fit is a Liouville 
1-form on S. 

Proof. (1) and the last sentence of the lemma follow from combining Lemmas 
2.2.1 and 2.2.2. To verify (2), we refer to [CGHl, Section 2.3.2] and consider a of 
the form 

a = g{y)d9 + f{y)dt 
on a neighborhood N{dN(^g^f^-j) of dNi^g^f^y Here N{dN(^s^f^-^) is the quotient of 

N{dS) X [0,1] ~ [-£,0] X (M/Z) X [0,1] 

with coordinates (y, 6, t), by the equivalence relation (y, 9, 1) ~ (y, 9, 0). If we 
take 

(/(y),5(z/)) = (/(0) + yV2,5(0)+y), 

with (/(O) , ^(0)) in the interior of the first quadrant, then the Reeb vector field Rq, 
is parallel to 

-f'iy)d0 + g'{y)dt = -yde + dt. 
Its first return map then satisfies (2). □ 

From now on, we assume that h = as given by Lemma 2.1.1. 

2.2. ECH{N, dN, a) and ECH{N, dN, a). Let N = N(^s,h) and a be as in the 
previous subsection. We recall the definitions of the variants ECH{N, dN, a) and 
ECH{N, ON, a) and the main result concerning them from [CGHl]. In particu- 
lar, we carry over the Morse-Bott terminology from [CGHl, Section 5]. We will 
assume that the almost complex structure J on M x is Morse-Bott regular. 

The boundary dN is foliated by a Morse-Bott family M of simple orbits of 
Ra of the form 9 = const. We may assume without loss of generality that a is 
nondegenerate away from dN, after a C'^-small perturbation for A; ^ 0. We pick 
two orbits from J\f and label them h and e. The orbits h and e are meant to become 
hyperbolic and elliptic after a small, controlled perturbation of a. The Morse-Bott 
family Af is negative. Since is a Morse-Bott family on dN, this means that M 
plays the role of a sink and that no holomorphic curve (besides a trivial cylinder) 
is asymptotic to an orbit of M at the positive end. 

2.2.1. ECH{N, dN, a). Let V be the set of simple Reeb orbits of a in int{N). 
We write ECCj{N, a) for the chain complex generated by orbit sets 7 constructed 
from V U {e}, whose homology class [7] intersects the page S x {t} exactly j 
times. The differential for ECCj{N, a) counts ECH index 1 Morse-Bott buildings 
in (M X N, J) between orbit sets which are constructed from V U {e}; for more 
details see [CGHl, Section 5]. In particular, if u is an ECH index 1 Morse-Bott 
building which is counted in the differential, then e can appear only at a negative 
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end of u and no single end of u can multiply cover e with multiplicity > 1. (It is 
still possible that there are many ends of u which simply cover e.) 
There are inclusions of chain complexes: 

7 I— 7> 67, 

where we are using multiplicative notation for orbit sets. Let us write ECH^-{N, a) 
for the homology of the chain complex ECCj{N, a). We then define 

ECH{N,dN,a) = lim ECH\{N,a). 

2.2.2. ECH{N, dN, a). Let ECCj (N, a) be the chain complex generated by or- 
bit sets 7 constructed from T = V U {e, h}, whose homology class [7] intersects 
S X {t} exactly j times. The differential for ECCj{N, a) counts ECH index 1 
Morse-Bott buildings in (M x N, J). There are inclusions: 

3j : ECCj{N,a) ECCj+i{N,a), 

7 H-^ 67, 

as before. Writing ECHj (N, a) for the homology of ECCj (N, a), we define 

ECH{N,dN,a) = lim ECHj{N,a). 

The following was the main result of [CGHl]: 
Theorem 2.2.1. We have the isomorphisms: 

ECH{M) ~ ECH{N,dN,a), 
ECH{M) ~ ECH{N,dN,a). 

2.3. Splitting of ECH according to homology classes. Given an orbit set 7 = 

Ylj=i 7j"^ in M or A'", its total homology class [7] is defined as 

I 

[7] = ^mj[-fj], 

where [7^] € Hi{M;Z) if M is a closed manifold and [7^] G Hi{N;Z) or 
Hi{N, dN; Z) (as appropriate) if N has torus boundary. We then have the direct 
sum decomposition: 

ECC{M)= ECC{M,A), 

AeHi{M) 

where ECC{M, A) is the subcomplex of ECC{M) generated by orbit sets with 
total homology class A. The direct sum of chain groups descends to a direct sum 
of homology groups ECH{M, A). 

There is an analogous sphtting for ECC{N, ON, a). In fact, 

EC&j {N, a)= EC&j {N, a, A), 

AeHi{N,dN) 
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and the inclusion 7 i-)- 67 respects this splitting since [e] = in Hi(N, dN). 

Lemma 2.3.1. IfM has an open book decomposition with binding K and N is the 
suspension of a page, then there is an isomorphism 

w : Hi{M) ^ Hi{N,dN). 
Proof. We use the long exact sequence for the pair (M, K): 

Hi{K) Hi{M) 4 Hi{M,K) Hq{K). 

Since [K] = in Hi{M) and K is connected, the map i is an isomorphism. By 

excision and homotopy invariance, we obtain the isomorphism Hi (M, K) 

Hi {N, dN). Combining the two isomorphisms gives us m. □ 

The isomorphism ECH{M) = ECH{N, dN, a) respects the splitting into 
total homology classes. In fact 

ECH{M, A) ^ ECH{N, ON, a, zu{A)). 

The same also holds for the hat versions. 

2.4. Twisted coefficients in ECH. In this subsection we describe the construction 
of ECH with twisted coefficients. We will adapt the analogous construction in 
Heegaard Floer homology from [0Sz2, Section 8] instead of following the original 
construction in [HS2, Section 11]. 

Fix a homology class A and a closed curve T c M such that [7] = A. Let 7+ 
and 7~ be orbit sets with [7+] = [7"] = A. We denote by i?2(-M', 7+, 7") the 
set of relative homology classes of 2-chains C in M with dC = 7+ — 7" and by 
A^^^^(7"'", 7~, C) the moduli spaces of / = 1 holomorphic curves in M x M from 
7+ to 7~ representing the homology class C. 

A complete set of paths for A based at T is the choice, for every orbit set 7 such 
that [7] = ^, of a surface C M such that dC^ = 7 — F. A complete set of 
paths for A induces maps 

2l':i?2(M,7+,7-)^//2(M) 

for all 7+ and j~ in A by 21' (C) = [C^- U C U —C^+]. This map is compatible 
with the action of H2{M) on H2{M, 7"^, 7") and with the concatenation of chains 
with matching ends. 

We denote the group ring of H2{M; Z) by F[H2{M; Z)] and the generator cor- 
responding to c G H2{M; Z) by e'^. We define 

ECCjyM, a, A) = ECC{M, a, A) ®f ¥[H2iM; Z)] 

as an ¥[H2{M; Z)] -module, with differential 

57+ = E E * {M'=\l\l-,C)/R) e^'('^)7-. 

7- Ce//2(M,7+,7-) 

The homology of this complex is ECH with twisted coefficients ECH (M, A). 
The [/-map can be defined in a similar manner and ECH jM, A) is the homology 
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of its mapping cone. The construction of ECH jN, dN, w{A)) with coefficient 
ring ¥[H2{N, e; Z)] = ¥[H2{M; Z)] is similar, and there are isomorphisms 

(2.4.1) ECH (M. A) ~ ECH iN, dN, w{A)). 

(2.4.2) ECH (M, A) ~ ECH (N, dN, zu{A)). 

Moreover, by considering only orbit sets that intersect a page j times we can define 
ECHj (N) and we have 

ECH_{N,dN,a,w{A)) = lim EC H AN, wA). 

2.5. Elimination of elliptic orbits. The goal of this subsection is to show how 
to locally replace elliptic orbits by hyperbolic orbits with the same parity (i.e., 
with negative eigenvalues). The main result, which is used in [CGH2] but is also 
of independent interest, is Theorem 2.5.2 below. Let us first give the following 
definition: 

Definition 2.5.1 (Filtration T). If N = N^^g^f^-j is the suspension of {S,h) and 
7 C is a link which is everywhere transverse to 5 x {t}, t G [0, 1], then we 
define J-(7) = {-f,Sx {0}). 

Theorem 2.5.2 (Elimination of elliptic orbits). Let a be a contact form on the 
suspension N = N^^g^^y h € Diii{S,dS), such that the Reeb vector field Ra is 
transverse to S x {t}, t G [0, 1], and h is the first return map of Ra on S x {0}. 
Then, given m G Z"*" and e > 0, there exists a smooth function f : N ^ {0, +oo) 
which is e-close to 1 with respect to a fixed C^-norm and whose Reeb vector field 
Rfa has no elliptic orbits 7 in int{N) satisfying ^^(7) < m. 

2.5.1. Model situation on the solid torus. Fix a constant S > 0. Consider the solid 
torus 

V = D'^ X S^ = D^ X (R/Z) = {(r, e,z)\r<5} 

with the contact structure ^0 = ker oq, where ao = dz + r^dd. We write D^g = 
{z = zo]cV and T^^ = {r = ro} C V. 

Given a function / : [0, S\ — > (0, +00), the Reeb vector field Rf(^r)ao is given 
by: 

(2.5.1) Rf^, = ^{{r^f + 2rf)d, - fde). 

In particular, Rfao is transverse to each and Rfao is tangent to each T^. The 
first return map $ fao : -Do -> ^0 is a rotation on each circle {r = ro} and can be 
written as (r, 0) ^ {r,d + (t>fao {f)). 

Claim 2.5.3. Let C : [0, S] — )■ (0, +00) be a smooth function. If 

(2.5.2) /M=.4exp(-^'^i£g|fI,A). 

then the first return map of Rfao satisfies (f>fao if) = C{r)for each r G (0, (5]. 
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Proof. In view of Equation (2.5.1), Rfao is parallel to dz + C{r)dQ if and only if 
(2.5.3) c{r){r^f + 2rf) = -f 

is satisfied. □ 

Let /o : [0, 5] — >■ (0, +oo) be a function such that <t>}oao{^) = <t>o^ where € 
(0, 27r). By Claim 2.5.3, we may take 

( r 2£0o , \ i + '/'o^^ 

/o(r) = exp(^-y^ TT^'^^J=TT^- 

In particular, 70 = {0} x is the only orbit 7 of -R/oao satisfying /'(7) = 1, 
where ^(7) = (7, Dq), and the orbit 70 is elUptic and nondegenerate. 

Lemma 2.5.4 (Modification lemma). There exists a function f2-V^ (0, +00) 
such that f20!o is arbitrarily -close to /ooo <^f^d the Reeb vector field -R/aao 
equal to Rf^ao near dV, is transverse to D^for all z G S^, and has only one orbit 
7 satisfying = 1. Moreover the orbit 7 is hyperbolic. 

Proof. Without loss of generality we take 4>o G (0,7r]; the case 4>o G [7r,27r) is 
similar. 

Let < 6' 5 and let Cs' : [0,5] — >■ [00, tt] be a smooth function such that: 

• Cs'{r) = TT on [0, y]; and 

• Cs'{r) = (po on [6', 6]. 

Let /i : [0, S] — > (0, +00) be the smooth function 

/.(r) = exp(-^ \^-g;W, d.). 

The function /i satisfies the following: 

(1) fi = fo and = for r G [5', (5]; 

(2) rti for all z G 5^; 

(3) <Pf,aoir) = Cs>{r)fora\\re[Q,6]. 
We compute that 

(2.5.4, Ml = exp r r - . ,) A 



By taking 5' > to be arbitrarily small, the absolute value of the integrand of 
Equation (2.5.4) can be made arbitrarily small. Hence /i(r) ft! fo{r) for all r G 
[0, 5], in view of (I). 

Next we consider dxfi = ^yfi ~ ^^r^^ where r = \J -\- y^. We 

appeal to Equation (2.5.3) and write 



For 5' > sufficiently small, f[{r) and /o(r) are both arbitrarily close to 0. More- 
over /{(r) = /o(r) for r G [6', 6]. Hence /( f» /q for all r G [0, 6]. This implies 
that 5*/o and 5*(/i//o) for * = x, y. 
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The Reeb vector field Rj^ao has exactly one orbit 70 satisfying J^(7o) = 1. The 
linearized first return map d$ f^ao (0) of 70 has eigenvalues —1. 

We now claim there exists a C*^-small perturbation /2 of fi for any A; ^ 
such that the linearized first return map d# y-jao (0) of corresponding orbit has 
eigenvalues —A and —j with A G R-^^ — {1}. This follows from a local model on 
X [0, 1] with coordinates (x, y, z): Suppose the Reeb vector field is R = dz. 
Then the contact 1-form can be written as a = dz + /3, where /3 is a 1-form on 
D^. We consider R^a^ where h{x, y) = — y^. The component of Rha. in the 
ay-direction is parallel to yd^ — xdy. Hence the derivative at zero of the holonomy 
map D"^ X {0} — ^ D'^ x {1},' obtained by flowing along Rha^ has eigenvalues Aq 
and ^ with Aq € M^'' — {1}- By appropriately damping eh out to zero outside a 
small neighborhood of (0, 0, 0) G x [0, 1] (here e > is sufficiently small), the 
above model can be grafted into V to give /2. This procedure does not introduce 
any extra F = \ orbits, since the graph of $ f^ao in ^0 x Dq intersects the diagonal 
transversely in one point and this property is stable under a C'^-small perturbation 
of $ f^ao for any > 0. □ 

Remark 2.5.5. The modification in Lemma 2.5.4 introduces many elhptic orbits 

satisfying F > 1. 

2.5.2. Proof ofTheorem 2.5.2. We now prove Theorem 2.5.2. Starting with the 
contact form a on N, we make a C^-small perturbation of a relative to dN such 
that the resulting Reeb vector field — also called Ra — satisfies the following: 

(1) Ra is nondegenerate away from dN; 

(2) for each F = 1 elliptic orbit 7 C int{N), the first return map is a rotation 
by an irrational angle and a is of the form Co/oao on a tubular neighbor- 
hood of 7. 

Here /o and are as in Section 2.5.1 and Co is some constant. We then use 
Lemma 2.5.4 on the tubular neighborhoods to replace the = 1 elhptic orbits 
by hyperbolic orbits plus F > 1 orbits. Next, we perturb the form so that the = 1 
orbits and the F = 2 hyperbolic orbits are left unchanged and the F = 2 elhptic 
orbits satisfy (2), with F = 1 replaced by = 2. Using Lemma 2.5.4 again, we 
replace the J" = 2 elliptic orbits by hyperbolic orbits and F > 2 orbits. Continuing 
in this manner, we obtain a without any F <m elliptic orbits in int{N). 

2.5.3. Direct limits. Starting with {S, h) and a from Section 2.1, we define fj : 
N — > (0, +00), j G N, inductively as follows. Let /o = 1. Suppose we have 
chosen up to fj so that Rj^a has no elliptic orbits with F < j. Let Vj-^-l be a 
small tubular neighborhood of the elliptic orbits of Rf^a with F = j + 1. Then we 
choose /j+i such that the following hold: 

(1) is C^-close to fj] 

(2) fj+i = fj on N-Vj+i; 

(3) Rfj_f_ia iias no elhptic orbits with F < j. 



The dashed arrow indicates that the map is only partially defined. 
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The existence of /j+i is given by Theorem 2.5.2. 
Next we consider the ECH chain maps 

(2.5.5) Zj : ECCj{N, fja) ^ ECCj+i{N, fj+ia), 

given by composing two maps: 

a; : ECCj{N, fja) ^ ECCj{N, fj+^a) 

and ECCj{N, fj+ia) ECCj+i{N, fj+ia) given by 7 h-). ej. The map Zj 
is defined by suitably completing fja and fj+ia to M and applying the ECH 
cobordism map given by [HT3, Theorem 2.4]. It is important to remember that the 
ECH cobordism map is defined through Seiberg-Witten Floer cohomology. 
Then we have: 

Theorem 2.5.6. ECH{M) ~ lim ECHj{N, fjo), where direct limit is taken 
with respect to the maps Zj. 

The proof is omitted, since it is similar to that of Theorem 1.2.1. 

3. Periodic Floer homology 

In order to simplify some technicalities, we would like to replace the ECH 
groups by the periodic Floer homology groups of Hutchings [Hul, Hu2], abbre- 
viated PFH in this paper. The PFH groups are defined in a manner completely 
analogous to the ECH groups, with stable Hamiltonian vector fields replacing the 
Reeb vector fields. 

If M is a closed manifold which fibers over the circle, then the PFH groups 
of M are equivalent to the Seiberg-Witten Floer cohomology groups of M by the 

work of Lee-Taubes [LT]. 

3.1. Interpolating between Reeb and stable Hamiltonian vector fields. Con- 
sider the contact form a = ftdt + Pton S x [0, 1], as defined in Section 2.1. We 
may assume that Ra is parallel to dton S x [0, 1]. Since 

d(3t 

da = dsft /\ dt + ds/3t + dt A ——, 

dt 

where ds is the exterior derivative in the 5-direction, it follows that ^ = —dsft- 
(Hence ds/3t is an area form which does not depend on t.) Also, the form a is a 
contact form as long as dsPt > 0. Hence, for C ^ 0, the form (C -I- ft)dt + /3t is 
a contact form with Reeb vector field parallel to dt. 
Now consider the 1-parameter family of 1-forms 

(3.1.1) ar = Cdt + T{ftdt + l3t), 

T G [0, 1], on N. It interpolates between the contact form ai = Cdt + {ftdt + f5t) 
and the stable Hamiltonian form = Cdt. The Reeb vector fields = Ra^ are 
directed by dt and hence are parallel for all r > 0. 

The pair (a^, u; = dsPt) is a stable Hamiltonian structure on A^. When r = 0, 
the Hamiltonian vector field Rq equals ^dt and hence is parallel to all the Rr, 
r > 0. Also let be the 2-plane field on N given by the kernel of a,-. The 
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closed 2-form u can either be viewed as an area form on 5 or as a (maximally 
nondegenerate) 2-form on N. 

3.2. Definitions. Consider the infinite cyUnder M.x N with coordinates (s, a;). 

Definition 3.2.1. An almost complex structure J,- on R x AT is adapted to the 
stable Hamiltonian structure (q;^ > ^) if Jt satisfies the following: 

• Jt is s-invariant; 

• Jrids) = Rr and Jr(Cr) = 

• Jr is tamed by the symplectic form Q. = ds /\ dt + oj . 
Our goal is to replace the ECH chain complexes 

ECCjiN,ar,Jr), EC&j{N,ar,Jr) 

for r > 0, by the analogously defined PFH chain complexes 

PFCj {N,ao,u,Jo), PFH){N,ao,io,Jo). 

The orbit sets of the ECH chain groups are constructed using the Reeb vector fields 
Rr and the orbit sets of the PFH chain groups are constructed using the Hamilton- 
ian vector field Rq. 

We introduce some notation. Let Jr, t G [0, 1], be a smooth family of (a^, oj)- 
adapted almost complex structures, let 7,7' be orbit sets of PFCj{N,ao,uj) or 
ECCj{N, a^), and let Z e H2{N, We write: 

• J^Jt (7, 7') for the moduli space of JT--holomorphic curves from 7 to 7'; 

• (7, 7', Z) C Mj^ (7, 7') for the subset of curves in the class Z; 

• Mj^ (7, 7') C (7, 7') for the subset of simply-covered curves; and 

• Jr ('y' V) C (7, 7', Z) for the subset of curves without connec- 
tor components. 

Here a connector over an orbit set 5 = Hi ^T^ a collection of branched covers 
of trivial cylinders where the branching is optional and the total covering degree 
over M X 5j is m^. 

Given two orbit sets <5 = Ili C and 8' = Yli C^ we set 5/5' = Yli ^T"^'' 
if < rrii for all i; otherwise we set 5j5' = 0. Here some nii and may 
be zero. We then write u G ■Mj^{'y,'y', Z) as vP yj u}, where is a connector 
over the orbit set 70 and v} G M'j^il /lOil' /lo)- By [HTl, Proposition 7.5], if 
Iech{i-,i' .Z) = 1 (resp. 2), then v} G Mj^{'y/jo,7' /lo) and has Fredholm 
index 1 (resp. 2). 

3.3. The flux. For more details, see for example [CHL, Section 2]. Let 

K : Hi{S;Z) ^ Hi{S;Z) 

be the map on homology induced by h : {S, 00) ^ {S,uj) and let K be the kernel 
of — id. Then the flux : K ^ Ris defined as follows: Let [6] G K. Since 
[5] = [h{5)] G Hi{S- Z), there is a 2-chain S cS such that dS = 5 - h{S). We 
then define: 

Fh{6) = J^oo. 
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Since the map h is the first return map of a Reeb vector field Rr, it has zero flux 
(cf. [CHL, Lemma 2.2]). This implies that /j^^j a; = for every [C] G H2{N), 
where to is now viewed as a closed 2-form on A^. Indeed, [C] can be represented 
by a surface of the form (5 x [0, 1]) U {S x {0}), where the relevant boundary 
components are glued. Hence, if 7 and 7' are orbit sets of PFCj{N, ao,ujo,Jo), 
then the w-area of any Z G H2{N, 7, 7') only depends on 7 and 7'. 

3.4. Compactness. The vanishing of the flux is an important ingredient in estab- 
lishing that Aljo(7, 7') admits a compactification in the sense of [BEHWZ]. 

We briefly outline the argument from [Hul, Section 9]: (1) There is a bound 
on the w-area for all elements of M.J^-,{^, 7')- This was done above. (2) Given a 
sequence of holomorphic curves ui G (7, 7'), i G N, there is a subsequence 
which converges weakly as currents to a holomorphic building Uoq. This is due 
to the Gromov-Taubes compactness theorem [T3], which works in dimension four 
and does not require any a priori bound on the genus of ui. The extraction of the 
holomorphic building is treated in some detail in [Hul, Lemma 9.8]. Hence we 
may assume that the homology classes [ui] G H2{N, 7, 7') are fixed. (3) There is 
a bound on the genus of the curve, provided the homology classes [ui] are fixed. 
This follows from the adjunction inequality and will be discussed below. (4) Once 
there is a genus bound, apply the SFT compactness theorem of [BEHWZ]. 

We now explain in some detail how to obtain genus bounds from bounds on 
the homology classes [u,;], especially since similar arguments will appear in later 
sections. But first let us introduce some notation. 

Let {F, j) be a closed Riemann surface and p"*" and p~ be disjoint finite sets of 
punctures of F. Then let 

u : F = F - p-^ - ^ R X N, 

be a {j, Jo) -holomorphic map from 7 = Hi to 7' = Yii ■ Here the punc- 
tures of p''= are asymptotic to the ± ends of u. The positive ends of u partition 
rui into (mji, 771,2, • • • ) and the negative ends of u partition into {nii,ni2, ...). 
(We ignore the partition terms that are zero.) Pick a trivialization r of TS in a 
neighborhood of all the 7,, and let Urili) be the usual Conley-Zehnder index of 
the fc-fold cover of 7, with respect to r.^ Then we define the total Conley-Zehnder 
indices at the positive and negative ends of u as follows: 

i r 
i r 



The trivialization t, used in Section 3.4, is not to be confused with the parameter t, used in the 
rest of Section 3. 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 15 

and also write Uriu) = fJ-^iu) — tJ-^{u). The symmetric Conley-Zehnder index of 
Hutchings [Hul], so called because of its motivation from studying the "symplec- 
tomorphism" Sym^{h) of Sym''{S) induced by h,^ is defined as: 

mi 
i r=l 

and does not depend on the choice of u from 7 to 7'. We write Jlriu) = V-ril) — 
V-ril')- We also recall the writhe 

Wt-{u) = w^{u) — w~{u), 

where is the total writhe of braids u{F) n ({s} x N), s S> 0, viewed in the 

union of solid torus neighborhoods of 7^ and computed with respect to the framing 
r; and w~ (n) is defined similarly. 

The key ingredient in establishing genus bounds is the relative adjunction for- 
mula from [Hul, Equation (18)] for simple curves u with a finite number of singu- 
larities and no connector components: 

(3.4.1) ci{u*TS,t) = x{F) + wr{u) + Qr{u) - 2S{u), 

where Qr{u) is the relative intersection pairing with respect to r and 5{u) is a 
nonnegative integer which is a count of the singularities. In particular, 5{u) =0 if 
and only if u is an embedding (see [Ml, MW]). Together with the writhe bounds 

(3.4.2) wt{u)<Jxr{l)- ^^t{u), 

w~{u) > Jiri-y') - n~iu), 

from [Hu2, Lemma 4.20], we obtain: 

(3.4.3) x{F) > ci{u*TS, r) + ^^r{u) - ]lr{u) - Qr{u) + 25{u). 

(See [Hul, Theorem 10.1].) Since all of the terms on the right-hand side are either 
homological quantities or depend on the data near 7 and 7', we have a lower bound 
on x(^)' which impUes an upper bound on the genus of F. 

3.5. Transversality. Let Jr be the space of almost complex structures on M x 
A'^ in the class C°° which are adapted to (a,-, a;). 

Definition 3.5.1. An almost complex structure Jr € Jt is j-regular if, for all orbit 
sets 7 and 7' of Rr which intersect S x {0} at most j times, the moduU space 
Al (7, 7') is transversely cut out. 

Let Jr^^'-' c Jt be the subset of j-regular Jt. The following lemma states that 

j-regj ^ dcnSC. 

Lemma 3.5.2 (TransversaUty). A generic Jq G Jo is j-regulan 



'Sym''{h) is a symplectomorphism away from the (multi)-diagonal. 
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Proof. This follows from [Hul, Lemma 9.12(b)], which states that a generic Jq € 
Jo is regular away from holomorphic curves which have a fiber {(s, t)} x 5 as an 
irreducible component. (Observe that the fibers are holomorphic for any Jq G JTq.) 
In our case, the fibers are not closed and cannot occur as irreducible components 
of curves in M^j^ (7, 7')- D 

3.6. The equivalence of certain ECH and PFH groups. In this section we prove 
the following theorem: 

Theorem 3.6.1. Given j > 0, there exist Jq G J"^^^'^ and tq = to(j, Jq) > such 
that there are isomorphisms of chain complexes 

PFCj{N, ao, u, Jo) ~ ECCj{N, a^, Jr), 

PFC]{N, acw, Jo) ~ EC&j{N, a^, Jr), 

for all < T < Tq. Here Jt € J't^^''' is sufficiently close to Jq. Similar isomor- 
phisms hold with twisted coefficients. 

Proof. We will prove the first equivalence, leaving the second to the reader. 

Since there is a one-to-one correspondence between the generators of the chain 
groups PFCj{N, ao,oj) and ECCj{N, a,-), we have 

PFCj{N,ao,uj) ~ ECCj{N,ar) 

as F-vector spaces, but not necessarily as chain complexes. In other words, we may 
view any orbit set 7 for Rr as an orbit set of any other R^i. 

Let Jo be an almost complex structure in J'q'^^'-' . By Lemma 3.5.2, J^^^'-^ is a 
dense subset of Jq, and in particular is nonempty. The moduh spaces M'j^ (7, 7', Z) 
of ECH index 1 and 2 are transversely cut out since they are simple by the ECH 
index inequality. Now let Jr, t G [0, 1], be a smooth family of (aT-,a;)-adapted 
almost complex structures which extend Jo. 

We claim that the ECH index 1 moduh spaces ^^(7, 7', Z) are transversely 
cut out and diffeomorphic to 7Wj^(7, 7', Z), when r > is sufficiently small. In- 
deed, if -u,- € M' ;^ (7, 7', Z) is sufficiently close to j„ (7, 7', Z), then the moduli 
space is regular at Ur. Hence it suffices to prove that, if r > is sufficiently small, 
then every Ur € -M (7, 7', Z) is sufficiently close to M!j^ (7, 7', Z). Indeed, this 
follows from the compactness argument from Section 3.4. Let Ui G M.'j (7, 7', Z) 
be a sequence of ECH index 1 holomorphic curves with Tj — >■ 0. By the com- 
pactness theorem and incoming/outgoing partition considerations, Ui converges to 
u G Mjo{j,y , Z) with Iech{u) = 1, after possibly taking a subsequence. In 
particular, the limit u is not a holomorphic building with multiple levels. If u has 
connector components v9 over 70, then ui must also have connector components 

over 70, a contradiction. Hence u G Alj(j(7, 7', Z), which proves the claim. 

Since the chain groups are isomorphic as vector spaces and the differentials 
agree for sufficiently small r > 0, the theorem follows. □ 
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4. A VARIATION OF HF{M) ADAPTED TO OPEN BOOK DECOMPOSITIONS 

In this section we recall the cylindrical reformulation of Heegaard Floer homol- 
ogy. This reformulation was suggested by Eliashberg and worked out in detail by 
Lipshitz [Li]. The discussion is slightly different from that of [Li] in that we in- 
troduce an ECH-type index Ih f and define the Heegaard Floer groups in terms of 
Ihf- We then use the work of [HKMl] to restrict the Heegaard Floer data to the 
page S of an open book decomposition. 

4.1. Heegaard data. A pointed Heegaard diagram is a quadruple (S,a,/3,2;) 
which consists of the following: 

• a closed oriented surface S of genus k; 

• two collections a = {ai, . . . , ak} and /3 = . . . , 13k} of k pairwise 
disjoint simple closed curves in S; and 

• a point z — a — P; 

where each of a and P forms a basis of Hi (S; Z) and a and ^ intersect transversely 
in S. 

If M is a closed oriented 3-manifold, then (S, a, /3, z) is a pointed Heegaard 
diagram for M if S decomposes M into two handlebodies, i.e., M = H^ Ue H^ 
and S = dHa = —dHi^, where the a-curves (resp. /3-curves) bound compression 
disks in the handlebody H^ (resp. H^). 

Let uj be an area form on S. We consider [0, 1] x S with the stable Hamiltonian 
structure (dt, uj), where t is the [0, 1] -coordinate. The Hamiltonian vector field is 
dt, and the 2-plane field ker dt will be written as TE, at the risk of some confusion. 
If the map / : X ^ S is understood, then we write TSx or TS for the puUback 
bundle /*TS, e.g., TSs or rS[o,i]xs. 

Let S = Sa,i3 be the set of A:-tuples of chords {[0, 1] x {yi}, . . . , [0, 1] x {yk}} 
in [0, 1] X S, where there exists a permutation a G ©fc for which G fl Pa{i)' 
i = 1,. . . ,k. Here the chords [0, 1] x {yi} are orbits of the Hamiltonian vector 
field dt which connect from {0} x /3 to {1} x a. 

Terminology. We will often write elements of 5 as y = {yi, . . . ,yk} and re- 
fer to y as a k-tuple of intersection points. Also, if / < k, then an l-tuple of 
chords/intersection points y = {j/i, ...,?/;} is a collection of points in a where 
each ai is used at most once and each is used at most once. 

4.2. Almost complex structures. Consider the natural projection ttb -.W^B, 
where = M x [0, 1] x S and S = M x [0, 1]. We also write ttr, TTfo^ijxs and 
vTs for the natural projections of W onto M, [0, 1] x S and S. Let [s, t) be the 
coordinates on the base i? = M x [0, 1]. We then define the symplectic form 

= ds Adt + oj 

on W. The submanifolds = M x {1} x a and = M x {0} x /3 are Lagrangian 
submanifolds of the symplectic manifold {W,Q). 

Definition 4.2.1 (ri-admissibility). An almost complex structure J on W is Q- 
admissible (or simply admissible) if it satisfies the following: 
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(1) J is s-invariant; 

(2) J{ds) = dt and J(TS) = TS; 

(3) J is tamed by the symplectic form Q; 

(4) there is a point Zi in each component of S — a — ^ such that J is a product 
complex structure Jb x in a small neighborhood of M x [0, 1] x {zj} in 
W; some Zi coincides with the basepoint z. 

Remark 4.2.2. The fibers {(s, t)} x E of an admissible J on 1^ are holomorphic 
and the projection ttb is ( J, js) -holomorphic, where js is the standard complex 
structure on = M x [0, 1]. 

We write Js for the space of C°°-smooth 0-admissible almost complex struc- 
tures J on W. 

4.3. Holomorphic curves and moduli spaces. Let {F, j) be a compact Riemann 
surface, possibly disconnected, with two sets of punctures q+ = {g]*", . . . , g^} 
and = {q^ , . . . , } on dF, such that (i) each component of F has nonempty 
boundary, (ii) on each boundary component there is at least one puncture from 
each of q"*" and q~, and (iii) the punctures on q+ and q~ alternate around each 
boundary component. We write F = F — q"*" — q~ and dF = dF — q+ — q~. 

Definition 4.3.1. Let J & A degree I < k multisection of {W, J) is a holo- 
morphic map 

u:{F,j)^iW,J) 

which is a degree / multisection of ttb : — -B = M x [0, 1] and which addition- 
ally satisfies the following: 

(1) u{dF) C L„ U Lp; 

(2) for each i G {1, k}, ^"^(Lq,.) (resp. u'^{Lp^)) consists of exactly one 
component of dF, which we call a* (resp. 

(3) lim TTiR o u[w) = — oo and lim ttir o u{w) = +oo; 

(4) the energy of u (see Definition 4.3.2 below) is finite. 

A Heegaard Floer curve (or HF curve) is a degree k multisection of {W, J). 

By the compactness theorem of [BEHWZ] (adapted to the Lagrangian case), a 
holomorphic curve u satisfying (1), (2) and (4) converges to cylinders over Reeb 
chords as s — > ±oo. By the work of Abbas [Ab], an HF curve u converges expo- 
nentially to cylinders over Reeb chords near the ends. Components of u may map 
to M X [0,1] X {iji}; such components will be called trivial strips. 

Definition 4.3.2. The energy of u is the quantity 

(4.3.1) E{u) = [ u*uj + sup / u*d{(l){s)dt), 

JF 4>eC JF 

where C is the set of nondecreasing smooth functions (/> : R — >■ [0,1]. 

We now define some moduli spaces of HF curves with respect to J G J^e- Let 
y = {yi, • • • , y*;} and y' = {yi, . . . , y'j^} be A;-tuples of a n ^. Let Mj{y, y') be 
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the moduli space of HF curves u which are asymptotic to M x [0, 1] x {yj} near 
and to M x [0, 1] x {y^} near q^.^ Such a curve u is said to be an HF curve 
from y to y'. Also let M j(y, y') C j(y, y') be the subset consisting of curves 
u which additionally satisfy vrs o u{F) n {z} = 0. 

Let = [-1, 1] X [0, 1] X S be the compactification of = M x [0, 1] x S, 
obtained by attaching [0, 1] x S at the positive and negative ends, and let = 
[—1, 1] X {1} X a and Ljs = [—1, 1] x {0} x phe the compactifications of La and 
L^. We then define Zyy C W as the subset 

(4.3.2) Zyy = LalJL^U ({1} X [0, 1] x y) U ({-1} x [0, 1] x y'). 
Similarly define 

(4.3.3) Za,f} = LaULp[J ({-1, 1} X [0, 1] x (a n /?)). 

The exponential decay of HF curves in M x [0, 1] x S implies that an HF curve 
u : F ^ W from y to y' can be compactified to a continuous map 

ii : {F,dF) {W,Zyy). 

Here F is obtained from F by performing a real blow-up at its boundary punctures. 

By some abuse of notation, let 7r2(y, y') be the set of homology classes of con- 
tinuous maps u : F ^ W which satisfy (1), (2) and (3) of Definition 4.3.1 and are 
positively asymptotic to [0, 1] x y and negatively asymptotic to [0, 1] x y'; here 
two maps ui and U2 are equivalent in 7r2(y,y') if their compactifications ui and 
U2 are homologous in H2{W, Zyy). To any HF curve from y to y' we can then 
associate a class in 7r2(y, y')- If we consider moduli spaces of HF curves u in the 
homology class A G 7r2(y, y'), we will write Mj{y, y', A) or M.j{y, y', ^). 

4.4. The Fredholm index. In this subsection and the next, we fix J e jTs. 

In this subsection we discuss the Fredholm index of an HF curve u : F W, 
which is the expected dimension of a neighborhood Uofu G M.j{y,y'), modulo 
reparametrizations of the domain. Since the curve u cannot be multiply-covered, 
the regularity of A^,/(y,y') is straightforward; see Lemma 4.7.2. The Fredholm 
index of u will be denoted by ind(?i) — ind//p'(u). 

4.4.1. The Fredholm index, first version. We start with Lipshitz's formula [Li, 
Equation 5] for the Fredholm index of u: 

k k 

(4.4.1) ind(u) = -x{F) + k + Y, /^K*) - E ^(/^^)' 

1=1 i=l 

where k is the genus of S, x(-F) = x(-^) is the Euler characteristic of F or F, and 
a* and ^* are as in Definition 4.3.1. 

We now define the Maslov indices /u(a*) and which appear in Equa- 

tion (4.4.1): Choose a trivialization Tq of TE ~ C in a neighborhood of the points 
w G afl/S so that R corresponds to and corresponds to T^a. Then let tq be 



In [Li], W has the opposite orientation, y is at — oo, and y' is at -|-cx3. The moduli spaces, 
however, are diffeomorphic. 
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a trivialization of u*TTiw which coincides with the one already given near p and 
q by pulling back Tq. Along each component of dF — called a* or P* depending 
on whether it is mapped to a or to /3, and oriented in the same way as dF — we 
have a loop of real lines in C, given by the puUback of Ta or r/3. The Maslov 
index /x(a*) (resp. iJ.{/3*)) is twice the degree of the loop along a* (resp. (3*) with 
respect to tq. 

4.4.2. The Fredholm index, second version. For the purposes of computing in- 
dices, we replace = R x [0, 1] x S with the compactification = [— 1, 1] x 
[0, 1] x S from Section 4.3. 

Recall Za^p C W which was given by Equation (4.3.3). We define a triv- 
ialization r of TY,^r along Z^^p d W d& follows: First choose a nonsingular 
tangent vector field along each component of a and /?. This induces a trivializa- 
tion t' of TSjo^ijxE on ({0} x /?) U ({1} x a). We then extend r' arbitrarily 
to [0, 1] X (a n (5). Finally we pull r' back to Za,i3 C W using the projection 
^[0,1] xs : Vf^ ->■ [0, 1] X S to obtain r. 

Given an HF curve u : F ^ W, we define its Maslov index firiu) as follows: 
Let 

u:{F,dF) -> iW,Z^^p) 

be the compactification of u. We then construct a (not necessarily oriented) real 
rank one subbundle C of u*TT, on dF. The bundle C is given by u*Ta and u*r/3 
along dF. We extend C to dF — dF by rotating in the counterclockwise direction 
from n*T/3 to u*Ta by the minimum amount possible. (Assuming orthogonal 
intersections, this is a ^-rotation.) Then Uriu) is the sum of the Maslov indices 
of C with respect to the trivialization r, where the sum is over all the connected 
components of dF. 

Lemma 4.4.1. IfuiF^Wisan HF curve, then 

k k 

(4.4.2) firiu) + 2ci{u*TY.,t) = Y,l^iO - 

i=i 1=1 

Proof. By standard Maslov index theory, we have 

I1t{u) + 2ci{u*TY^,t) = i^roiu) + 2ci(u*rS,ro), 

where tq denotes the trivialization of u*TI] from Section 4.4.1. We immediately 
obtain ci('u*rs, tq) = since tq is a trivialization on all of F. Hence it suffices 
to prove that: 

k k 

(4.4.3) firoiu) = ^M(«n - 

i=i 1=1 

The difference between the two sides of Equation (4.4.3) is the total amount of 
rotation of the real lines introduced at q n /3 in the definition of jj^tq '■ if we go from 
/3 to a we rotate by |, while if we go from a to /3 we rotate by —I; hence the total 
amount of rotation is 0. □ 
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We can now rephrase the Fredholm index as follows: 
(4.4.4) md{u) = ~x{F) + k + firiu) + 2ci(ti*rS,r). 

Remark 4.4.2. Since the Maslov index of C with respect to r is an integer along 
each chord [0, 1] x {yi}, it makes sense to write UriUi) £ If we let 

k 
i=l 

then i^riu) = Uriy) — l^riy')- In particular, fLriu) only depends on y, y', and the 
choice of r. 

4.5 . The ECH-type index. In this subsection we define an ECH-type index Ihf{u) 
and prove an index inequality which is analogous to the ECH index inequality of 
[Hul]. 

4.5.1. T-trivial representatives. Let r be a trivialization of TSyj^ along Za^p as 
defined in Section 4.4.2. We will define the notions of a representative and a r- 
trivial representative of a homology class A G 7r2 (y , y'), where y = {yi ,yk} 
wdy' = {y[,..., y'^} are fc-tuples in Sa,^. 

Definition 4.5.1. An oriented immersed compact surface 

C cW = [-1, 1] X [0, 1] X S 
in the homology class A G 7r2(y, y') is an immersed representative of A if: 

(1) C is positively transverse to the fibers {(s, t)} x S along all of dC. 

(2) (7r[o,i]xE)lc' is ^n embedding near dC fl ({—1,1} x [0,1] x S), where 
■^[0,1] xs is the projection W — > [0, 1] x S. 

If C is embedded in addition, then (5 is a representative of A. 

Definition 4.5.2 (r-trivial representative). A representative C of A is r-trivial if, 
for all sufficiently small e > 0, (7 fl {s = ±(1 — e)} is the union of single-stranded 

braids Ci^, i = 1, . . . ,k, where (resp. (~) lies in a tubular neighborhood of 
[0, 1] X {yi} (resp. [0, 1] x {y[}), is disjoint from [0, 1] x {yi} (resp. [0, 1] x {y^}), 
and induces a framing which agrees with r along [0, 1] x {y^} (resp. [0, 1] x {y^}). 

Let A be a homology class in 7r2(y, y')- Then we define 

n,^{A) = {A, [-1,1] X [0,1] X {zj}), 

where 2;^ G S — a — /? are given in Definition 4.2.1 and (•, •) is the signed intersec- 
tion number. We say that A G 7r2(y, y') is positive if n^^. {A) > is nonnegative 
for all Zj. 

Lemma 4.5.3. A positive A G 7r2(y, y') admits a r-trivial representative C. 

Proof. Let A be a positive homology class in 7r2(y,y'). Then we can glue clo- 
sures of connected components of S — a — /3 with multiplicity n^^ (A) as in Ras- 
mussen [Ra, Lemma 9.3] (also see [Li, Lemma 4.1]) to construct a continuous map 
n2 : F — S which is smooth on F and satisfies the following: 
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• MqI) = Vi and W2(gi_ ) = y-; 

• each component of dF is mapped to some or Pi so that each ai,Pi, 
i = 1, . . . , k, is used exactly once; 

• U2\dF switches from ^ to a (resp. a to (3) in a neighborhood of yi (resp. 
y^) as we move in the direction given by the orientation of dF. 

The map U2 can be pulled back to «2 : ^ — S, where F is the real blow-up of F 
given in Section 4.3. Now take a branched cover tti : F — > [—1, 1] x [0, 1] with 
interior branch points, and form ii = {ui,U2) : F W. Condition (1) of Defini- 
tion 4.5.1 is immediately satisfied. We can resolve all the (interior) singularities to 
make u embedded. It is a local exercise to modify u in a neighborhood of dF — dF 
so that u becomes r-trivial. □ 

Lemma 4.5.4. If u : F ^ W is an HF curve and C is the image of the compacti- 

fication u : F W, then the following hold: 

(1) ttb o u : F ^ B has no branch points along dB. 

(2) u is positively transverse to the fibers x S along all of dF and 
7r[o,i]xs|(7 is cin embedding near dC. 

In other words, C satisfies all the conditions of a T-trivial representative for some 
T, with the exception of the embeddedness ofC. 

Proof. (1) follows from the fact that vrs o u is a fc-fold branched cover of B. Let 
H = {Im(2:) > 0} be the upper half-plane and C/ C BI be an open subset which 
contains 0. If / is a holomorphic map [/ — >■ M x [0, 1] which maps to (0, 0) and 
U n dM to M X {0}, then it can be extended to a holomorphic map f : U UU — )■ 
M x [-1, 1] by Schwarz reflection, where U = {z \ z € U}. If df{0) = 0, then / 
is locally a composition of z h-^ for some integer / > 1 and a biholomorphism. 
This contradicts the requirement that /(H) stay on one side of R x {0}. 

(2) follows from (1), together with the asymptotics of u as s — ±00. □ 

4.5.2. The relative intersection form. We now define the relative intersection form 
Qr{A), which is analogous to the relative intersection form which appears in the 
definition of the ECH index Iech, but is easier. 

Definition 4.5.5 (Relative intersection form Qt-{A)). Let A G vr2(y, y') be a posi- 
tive homology class and let C be a r-trivial representative of A. Let iphea section 
of the normal bundle to C* such that ip\gc = Jt, and let C' be a pushoff of C in 
the direction of ijj. Then the relative intersection form Qt{A) is given by: 

Qr{A) = {C,C') 

where (-, •) denotes the algebraic count of intersection points. 

Note that, since a representative C is positively transverse to the fibers {{s,t)}x 
S along all of dC, we may take the normal bundle 1/ to (7 to satisfy i^Iqq = 
TTi\q(j. Also, since J is Jl-admissible, it takes TS to itself. Hence (r, Jt) is a 
trivialization ofvlg^. Although r and Jt are homotopic, we will often use Jt due 
to its appearance in the definition of Qr{A). 
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4.5.3. Properties of the relative intersection form. Let r' and r be trivializations 
of TY.-^ along Z^^^ which differ only on {±1} x [0, 1] x (a n^S). Let deg(r, t' ,yi) 
(resp. deg(T, r', y^)) be the degree of r with respect to the trivialization r' along 
[0, 1] X {ui} (resp. [0, 1] x {y[}), oriented in the Sj-direction. We then have the 
following: 

Lemma 4.5.6 (Change of triviaUzation). If A ^ 7r2(y, y') is positive, then 

k k 

(4.5.1) Qr{A) - Q,,{A) = J]deg(r,r',yO - J]deg(r,r',yO- 

i=l i=l 

Proof. Let Cr' be a r'-trivial representative of A. Let e > be small and let 
C^, Q = C^, n ([-1 + e, 1 - e] X [0, 1] x S). 

We can extend Cr'^ to Cr on W by gluing disks Di, D[, i = 1, . . . ,k, correspond- 
ing to Ui, y'l, so that Cr becomes r-trivial. 

Let be a section of the normal bundle to Cr such that V'lac^ = and 
iplgQ , ^ = Jt'. (Here we are assuming that r' has been extended to a neigh- 
borhood of the [0, 1] X {yi}.) Then 

k k 

Qr{A) - QAA) = #(V'|dJ-'(0) + #{'iP\D,)-\0), 
1=1 1=1 
where # is a signed count. A local calculation gives 

#(^Ia)"'(0) = deg(T,r',y,), #{^\j,,y{0) = - deg(T, r', yO, 

which proves the lemma. □ 

The following is immediate from the definition of QriA). 

Lemma 4.5.7 (Additivity). If Ai e 7r2(y,y') and A2 € 7r2(y',y") are positive, 
then 

Qr{Ai#A2) = Qr{Ai) + Qr{A2), 

where Ai^A2 G 7r2(y, y") is obtained from stacking two copies ofW. 

4.5.4. The relative adjunction formula. In this subsection we prove the relative 
adjunction formula (Lemma 4.5.9). 

Let 6{C) be the signed count of singularities of C in its interior. In particular, 
if C is immersed, then S{C) is the signed count of transverse double points of C. 
We will also use the notation S{u) or S{u). 

Lemma 4.5.8. IfC is an immersed representative ofAE 7r2(y, y'), then 

Ci{iy,jT) = Qr{A)-2S{C). 

Proof. Let us first assume that C is embedded. If (7 is r-trivial, then there is a 
section of the normal bundle to C such that V'lac = <^'^' ™d 

Qr{A) = #^-\0)=Ci{u,jT). 
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Next let t' and r be trivializations of TS^y along Z^^p, which differ only on 
{±1} X [0, 1] X (a n 13). By Equation (4.5.1), together with an analogous equation 
for ci {u, Jt) — c\ {u, Jt'), we have 

Qr{A) - Qr'{A) = ci{u, Jt) - ci{u, Jt'), 

which proves the lemma for embedded C. 

Suppose now that C has a single positive transverse double point d. (The case 
of a negative double point is similar.) We resolve the intersection in the following 
way: Let B c W he a small ball centered at d. Then C fl dB is a Hopf Unk, 
and C n B is the union of two slice disks for the components which intersect at 
d. We can construct a new surface Cgm by replacing the two disks with a Hopf 
band connecting the two components of the Hopf Unk. By definition, we have 
Qt{A) = {Csm, C'gj^. On the other hand, if is the normal bundle to Cgrm 
then 

ci{vsm, Jt) = ci{u, Jt) + 2. 

This can be seen easily by embedding B into 5^ x S"^ and using the properties of 
the intersection product for closed 4-manifolds. 
In general, 

ci(i., Jt) + 25{C) = c^{usm, Jt) = {Csm, C'sJ = Q^(^), 

and the lemma follows. □ 

We can now state and prove the relative adjunction formula: 

Lemma 4.5.9 (Relative adjunction formula). Ifu:F^Wisan HF curve in the 
homology class A G 7r2(y, y'), then 

(4.5.2) ci(rrS, r) = ci(TF, dt) + QM) - 25{u) 

= x{F) -k + Qr{A) - 2S{u). 

Here 5{u) is a nonnegative integer which equals if and only ifu is an embedding, 
and dt is the pullback to dF of the trivialization dt on [—1, 1] x [0, 1]. 

Proof. By [Ml, MW], there exists a modification v : F ^ W of u : F ^ W 
in a neighborhood of its finitely many singular points so that v is symplectic with 
only transverse double points. Since the modification is purely local and is away 
from dF, it follows that u and v belong to the same homology class in 7r2(y, y') 
and ci{u*TT,,t) = ci{v*TI1,t). Hence Equation (4.5.2) for u is equivalent to 
Equation (4.5.2) for v, and we may assume without loss of generality that u is 
immersed with positive transverse double points. 

The vector field dt is a global trivialization of the complex line bundle r( [— 1 , 1] x 
[0, 1]) over W = [-l,l]x[0,l]x S. Hence 

ciiu*TW, {T,dt)) = Cl{u*T^,T). 

On the other hand, 

ci{u*TW, (r, dt)) = ci{TF, dt) + ci{u, Jt). 
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The first line of the relative adjunction formula now follows from Lemma 4.5.8. 
The equivalence of the first and second lines is a consequence of Claim 4.5.10, 
proved below. □ 

Claim 4.5.10. ci{TF, dt) = x(F) - k. 

Proof. Let tqf be the trivialization of TF\qf which is given by an oriented non- 
singular vector field tangent to dF. We then have 

ci{TF,dt) = x{F) + degidt,T9F), 

where deg{dt,TgF) is the degree of dt with respect to Tgp. By an easy direct 
calculation we obtain deg{dt, tq^) = —k. □ 

4.5.5. The index Ihf and the index inequality. We are now ready to define the 
ECH-type index Ihf and prove the ECH-type index inequaUty (Theorem 4.5.13). 

Definition 4.5.11 (ECH-type index). Let A G 7r2(y,y') be a positive homology 
class. Then the ECH-type index Ihf of A is given as follows: 

(4.5.3) Ihf{A) = ci(rSU,r) + Qr{A) + /x^(y) - /x^(y'). 

We observe that Ihf{A) does not depend on the choice of r: Suppose r and r' 
differ only at and deg(r, r', y,) = 1. Then we compute (i) (A) = Q^-i {A) + 1 
by Lemma 4.5.6, (ii) iir{y) = /U^'(y)-2 and(iii) ci(TE|a,t) = ci(rEU, t')+1. 

The index Ihf satisfies the following additivity property: 

Lemma 4.5.12 (Additivity of Ihf)- If M e 7r2(y,y') and A2 G 7r2(y',y") are 
positive, then 

Ihf{Ai#A2) = Ihf{Ai) + Ihf{A2). 

Proof. Each of the terms ci(rS|^, r), Qt{A), and /Xrly) — MT(y') in the definition 
of Ih f {A) is additive under stacking; see Lemma 4.5 .7 for the additivity of Qr {A) . 

□ 

The following index inequality is analogous to (but much easier than) the ECH 
index inequality, due to Hutchings [Hul, Theorem 1.7]. We remark that u is re- 
quired to be simply-covered in the statement of the usual ECH index inequality. 
This is automatically satisfied for HF-curves. 

Theorem 4.5.13 (ECH-type index inequahty). Let u: F be an HF curve in 

the class A £ 712 (y, y'). Then 

(4.5.4) md{u) + 26{u) = Ihf{A), 
where 6{u) > is an integer count of the singularities. Hence 

(4.5.5) md{u) < Ihf{A), 
with equality if and only ifu is an embedding. 
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Proof. We calculate: 



ind(ti) 



-X{F) + k + firiy) - Mr(y ) + 2ci(rTS, r) 

Ci(rTS,T) + Qr{A) + llriy) - Mr(y') - 26{u). 



The first line is Equation (4.4.4). The equivalence of the first and second lines 
follows from the relative adjunction formula. Hence 



4.6. Compactness. We now discuss the requisite compactness issues. The key 
notion is that of weak admissibility, which is analogous to the vanishing of the 
flux in the PFH situation (see Section 3.3). Let (S, a, /3, z) be a weakly admissible 
Heegaard diagram, i.e., for every Spin'^-structure s and nontrivial periodic domain 
Q which satisfies (ci(s), Q) = 0, there exist ji and j2 for which nzj_^{Q) > 
and Uzj^iQ) < 0. Equivalently, by [OSzl, Lemma 4.12], (T,,a,P,z) is weakly 
admissible if and only if there is an area form a; on E such that each periodic 
domain has total signed w-area zero. 

Let > be a fixed constant. We consider the subset 7r2^(y,y') consisting 
of homology classes of 7r2(y, y') which intersect [—1, 1] x [0, 1] x {z} at most N 
times. (This is sufficient for CF and CF~^, defined in the next subsection.) The 
difference of two homology classes Ai^Ai € vr2(y,y') is a periodic domain Q 
and has zero w-area. This implies that the cu-areas of any two Ai,A2 € 7r^(y, y') 
differ by i ■ w(S) where < i < N. Let ^i, . . . , 0^ be the connected components 
of T, — a — p. If A is represented by a holomorphic curve, then the projection of A 
to S can be written as J2j ''^j{A)4'j with nj{A) > 0. Since each has finite area, 
there must only be a finite number of homology classes A G tt^ (y, y') for which 
the moduli space A4j{y,y',A)is nonempty. 

We now prove the existence of a compactification of Mj{y, y' , A)/'R. It suf- 
fices to show that if u : F ^ W is an element of A4j{y,y',A), then the genus 
of F is bounded as long as A is fixed. This will be carried out in Lemma 4.6.1. 
Once we have a genus bound, the SFT compactness theorem from [BEHWZ] can 
be apphed to give a compactification of M.j{y, y', A) /M. 

Lemma 4.6.1. There is an upper bound on the genus of a holomorphic curve u : 
F W in a fixed homology class A G 7r2(y, y'). 

Proof. The proof is analogous to the proof in the PFH case. In view of the relative 
adjunction formula (Lemma 4.5.9) and the noimegativity of d{u), we have 



ind{u) + 2d{u) =Ihf{A). 



The index inequahty (4.5.5) follows immediately. 



□ 



(4.6.1) 



x{F)>c^{u*T^,T) + k-Qr{A). 



The lemma follows by observing that the terms on the right-hand side depend only 
on the homology class A. □ 
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4.7. Transversality. 

Definition 4.7.1. An almost complex structure J G Jyl is regular if the moduli 
spaces At j(y, y') for all y, y' € 5 = S^^p are transversely cut out. 

Note that if u is an HF curve, then it does not have any closed irreducible com- 
ponents by definition. In particular, u cannot have any fibers {(s, t)} x S as irre- 
ducible components. 

We write C Jy. for the subset of regular almost complex structures J. 

For J € J-^^ , the dimension of j(y, y') near u is equal to the Fredholm index 
ind(n). The moduli space j(y, y') carries a natural M-action given by transla- 
tions in the s-direction, and the quotient M.j{y^ y')/^ is a manifold. 

Lemma 4.7.2. A generic J G i7s is regular. 

Proof. This follows from [Li, Proposition 3.8], by noting that an HF curve u does 
not have any fibers as irreducible components. Lemma 4.7.2 can also be proved 
in the same way as in [Hul, Lemma 9.12(b)]. Note that the transversality theory 
is relatively straightforward because HF curves are never multiply-covered, i.e., all 
the moduli spaces M.j{y, y') consist of simple curves. □ 

We will use the notation Mj^^{y, y') to denote the moduli space of HF curves 
from y to y' with ECH index I = r. 

Coronary 4.7.3 (Corollary of Theorem 4.5.13). IflnpiA) = 0,landJ e J^^^, 
then every HF curve u in the class A satisfies ind(u) = Ihf{A) and is therefore 
embedded. 

Proof. This follows from Equation (4.5.4) by observing that the term 25{n) is even 
and nonnegative and that ind(M) > since J is regular and u is not multiply- 
covered. □ 

4.8. Definition of the Heegaard Floer homology groups. Let (S, a, /3, z) be a 

weakly admissible Heegaard diagram and let J G ■ We define the Heegaard 
Floer chain complexes 

(CF(S,a,/3,z, J),5) and q, /3, z, J), 9+), 

whose corresponding homology groups are 

HF{j:,a,P,z,J) and HF+{E,a, P, z, J). 

The hat group CF(S, a, (3, z, J) is the F-vector space generated by 5 = 5q, ^3 
and the plus group CF+(S, a, /3, z, J) is the F-vector space generated by 5 x Z-^. 
Elements of <S will be written as y and elements of 5 x Z-'^ will be written as [y,i]. 

We now define the differentials d and The differential d is given by 

^y= E(5y,y')-y', 
y'eS 
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where {dy, y') is the count of j ^ (y, y')/lR- The differential is given by 

[y',j]eSxZ>" 

where {d^{[y,i]), [y',j]) is the count of j^^(y, y')/]R whose representatives 
have intersection number i — j with R x [0, 1] x {z}. By Theorem 4.5.13, the 
count of Ihf{u) = 1 curves is equivalent to the count of embedded ind(u) = 1 
curves. Hence our definition is the same as that of Lipshitz. 

The differentials d and d'^ indeed satisfy 5^ = and (9^)^ = by [Li]. A 
tricky issue which arises for 9+ (but not for d) is that an element u of the boundary 
of A^j=^(y, y')/l^ might a priori have a fiber {(s, t)} x S as an irreducible com- 
ponent. (In that case, u consists of one copy of S, together with k trivial strips.) 
This possibility is eliminated in [Li, Lemma 8.2]. 

Both HF{Y:, a, /3, z, J) and a, /3, z, J) are independent of the choices 

and can be written as HF{M) and HF'^{M). In this paper, we are interested 
in HF{—M), where — M is the manifold M with the opposite orientation. The 
group HF{—M) is the homology of the chain complex CF(S, /3, a, z, J), i.e., the 
complex for which the roles of the a- and /3-curves are exchanged. 

4.9. Restricting the complex to a page. In this subsection we describe a pointed 
Heegaard diagram for —M which is adapted to an open book and which has the 
property that HF{—M) can be computed from a single page. The Heegaard dia- 
gram constructed here is a slight modification of the Heegaard diagram constructed 
by Honda, Kazez and Matic in [HKMl]. 

Let <S be a bordered surface of genus g and cormected boundary, and let {S, h) be 
an open book decomposition of M with binding K, i.e., there is a homeomorphism 

{{S X [0, 1])/ ~, {dS X [0, 1])/ ~) ~ (M, K), 

where {x, 1) ~ {h{x), 0) for x G 5 and (y, t) ~ (y, t') for y e dS and t, t' G [0, 1]. 

4.9.1. A Heegaard diagram compatible with {S, h). We define a pointed Heegaard 
diagram (S, P, a, z) for — M which is compatible with {S, h). (In particular, this 
means that = M x {1} x /3 and = M x {0} x a.) 

The open book decomposition (5, h) gives a natural Heegaard decomposition 
of M into two handlebodies Hi = {Sx [0, \])/ ~ and H2 = {S x [i, 1])/ ~. The 
Heegaard surface S is S1/2 U —Sq and has genus 2g. Here we abbreviate S x {t} 
by St. 

A basis of 5 is a collection of properly embedded pairwise disjoint arcs a = 
{ai, a2g} of S such that 5 — a is a connected Sg'-gon. Given a basis a of S, 
there is a natural collection of compression curves Oj = d{ai x [0, i]) for Hi. 
We write ctj = aj U a^, where the presence of f indicates a copy of an arc in 
5*1/2 and the absence indicates a copy of an arc in Sq. Recall the monodromy h 
maps {y,0) i-> {y,6 — y) near dS. We then construct a collection of compression 
curves /Jj = 6| U h{ai) for H2, where 6j is the simplest arc (= fewest number 
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of intersections with the aj) in S1/2 which is parallel to and extends h{ai) to 
smooth curve in S. See Figure 1. 




Figure 1. A portion of Si/2- The shaded regions are the disks 
Di and D'^. 

The arcs Oj and h{ai) intersect at their endpoints Xj and x'^ by the definition of 
h near dS, and the arcs Oj and bi intersect at a unique point x'- in int{S 1/2)- This 
means that all the intersection points of Oj n f3j lie in Sq, except for one intersection 
point x" of n Pi for each i. We then place the basepoint z on the binding, away 
from all the intersection points Xi,x'^. The regions of E — a — /? which nontrivially 
intersect S1/2 are the following: 

• the "forbidden region" containing the basepoint z; 

• for each i = 1, . . . ,2g, a. bigon Di from x'- to Xi and a bigon D'- from x'{ 
to x'i- 

By the placement of the basepoint z, it is clear that any periodic domain must 
have terms of the form k{Di — D[), where k is an integer. This implies the weak 
admissibility of the Heegaard diagram (S, /3, q, z). 

Remark 4.9.1. The point Xi or x'^ (either one) is a component of the contact class 
c{i{s,h)) ^ HF{T,, /3,a, z), where £,(s,h) is the contact structure which corre- 
sponds to {S, h). 

4.9.2. Holomorphic curves in the region M x [0, 1] x 5i/2- Let J & Jy. with the 
additional property: 

(&) J is a product complex structure on M x [0, 1] x S'i/2- 
All the holomorphic curves and moduli spaces in this subsection are for the 
Heegaard diagram (S, /3, a, z). 

Claim 4.9.2. Let u S j(y, y')for some y, y' € Sp^a- Then the following hold: 
(1) Ifu is not asymptotic to any x", then its image is contained in R x [0, 1] x 

So- 
il) If u is asymptotic to some x ■', then u has x at the positive end and a 
component of u is either ( i) a trivial strip over x'- or ( ii) a "thin strip " 
from x'l to Xi or x[, whose projection to S is Di or D[. 
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(3) If u is asymptotic to Xi or x\ at the positive end, then a component of u is 
a trivial strip over Xi or x\. 

The only nontrivial components of u which intersect R x [0, 1] x S^j^ the 
"thin strips" in (2) and are easily seen to satisfy automatic transversaUty. Hence a 
generic J which satisfies (&) is in J-^^ . 

4.9.3. The variant CF{S, a, h{a.)). Let J G J^'^^ which satisfies (&). We now 
define the chain complex CF{S, a, /i(a), J), which can be defined on a page of 
the open book {S,h) and whose homology is isomorphic to HFCE, P,a, z, J). 
The almost complex structure J will usually be suppressed from the notation. 
Let >Sa,?i(a) be the set of 2g'-tuples of intersection points of a and /i(a); equiv- 

alently, 5a,ft(a) = {y eS0,a \ y C So}. Then we define (CF'(5,a,/i(a)),5') 
as the subcomplex of (C'F(E, /3, a, z),d) generated by >Sa,/i(a)- The differential d 
restricts to d' by Claim 4.9.2(1). 

Next define an equivalence relation ~ on CF'{S, a, /i(a)) as follows: if we write 
y = yo U yi, where yo consists of chords of type Xi, x^, i = 1, . . . , 2g, and yi 
does not contain any Xi,x^, i = I, . . . ,2g, then y ~ y' if and only if y = yo U yi, 
y' = yg U and yi = y'^. We then take the quotient complex 

aF(5,a,/i(a)) = CF'{S,a,h{a))/ ~, 

with the differential d induced from The differential & descends to the quotient 
dhy Claim 4.9.2(3). 

Remark 4.9.3. Since S and S = Sq have opposite orientations, the order a) is 
switched to (a, h{a)). 

The following theorem allows us to restrict from the Heegaard surface S to the 
page S: 

Theorem 4.9.4. H^CFiS, a, h{a)), d) ~ f3, a, z). 

Proof Let us write CF for /3, a, z). Also let CFk be the subgroup of CF 

generated by 2(7-tuples of chords, exactly k of which are of the form x'l- Using 
Claim 4.9.2, we can write the differential d on CF d& d = do + d\, where do ■ 
CFk — > CFk counts Ihf = ^ curves whose nontrivial part is contained in So and 
di : CFk CFk-i counts Ihf = ^ curves whose nontrivial part is contained in 
51/2- In particular, di counts HF curves which correspond to the domains Di and 
D'^. Since d"^ = 0, it follows that 

= df = dodi + dido = 0, 

i.e., CF becomes a double complex. 
The 5i -homology of CF is: 
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This claim will be proved in Lemma 4.9.5. For the moment we assume it to finish 
the proof of the theorem. The double complex gives rise to a spectral sequence 
converging to HF{Y!,, P, a, z) such that: 

= H,(CF,di) = CF{S,a,h{a)) 

E^ = H4H4CF,di), [do]) = H4CF{S,a,h{a)),d). 

Since E^ is concentrated in degree k = 0, the spectral sequence degenerates at the 
second step and HFCE, P, a, z) = E'^. This proves the theorem. □ 

Before proceeding to Lemma 4.9.5, let us introduce some notation. Let X be a 
fc-element subset of {1, ... , 2g] and let Z"^ be its complement. Then let Sx<^ be the 
set of {2g — A:)-tuples yi of chords from /i(a) to a such that each aj and h{aj), 
j G I'^, is used exactly once and no Xj,Xj,Xj is in yi. In particular, and h{ai) 
remain unoccupied for all i el. 

Lemma 4.9.5. The homology of{CF, di) is: 

Proof. Let (CF(yi),5i) C {CF,di) be the subcomplex generated by 25-tuples 
of chords of the form yo U yi, where yo is a fc-tuple of chords consisting of one 

of Xj,x'-,x"j for each j £ X and yi € Sx<=- Since {CF,di) is the direct sum of 

chain complexes of the form (CF(yi), it suffices to treat each (CF(yi), 5i) 
separately. 

Consider the chain complexes (C(j), d) = (Co(j) © Ci{j),d), where 
Ci(i) = ¥{x]}, CoU) = nxj,x'j}, dix'^) = Xj - x'j. 
The homology groups of those complexes are: 

(4.9.1) Hk{C{j),d) = I if ^ = J; 

By Claim 4.9.2(2), we have 

(aP(yi),5i)-(g)(C(j),d). 

By the Kiinneth formula, iJ*(CF(yi), 5i) is generated by the equivalence class 
{yo U yi}' where yi is fixed and yg ranges over all A;-tuples of chords which 
consist of one of xj, Xj for each j G I. The lemma then follows. □ 

4.10. Spin'^-structures. Let Sa^js be the set of fc-tuples of intersection points of 
the pointed Heegaard diagram (S, a, /3, z) and let Spin'^(M) be the set of Spin'^- 
structures on M. In [OSzl, Section 2.6], Ozsvath and Szabo defined a map 

s, : Sa,f3 ^ Spin^(M). 

Although the precise definition of Sz will not be given here, we review an im- 
portant property of Sz which is more or less equivalent to the definition. Given 
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y = {yi}f=i,y' = {y^j^^i € Sa^p, the difference between the Spin'^-structures 
corresponding to y and y' is given by: 

e(y,y') = PD{s,{y) - s,{y')) e H^{M), 

where a cycle representing e(y, y') can be constructed on the Heegaard diagram 
as follows: For each i = 1, . . . ,k, choose an arc a* on ai from yi to y',-, where 
yi, y[ G Ui. Similarly, we choose arcs (5^ on Pi, i = 1,. . . ,k, which connect y' 
to y. Then e(y, y') is the homology class of U^^^(a* U /?*), which is a union of 
closed curves; see [OSzl, Definition 2. 11 and Lemma 2. 19]. It is easy to verify that 
e(y, y') does not depend on the choice of arcs a* and f3* and provides a topological 
obstruction to the existence of HF curves connecting y and y'. 

The Heegaard Floer chain complex CF(S, a, /3, z) therefore spUts into a direct 
sum 

CFiJ:,a,l3,z)= CF(S,a,/3,z,5), 

5GSpin'=(M) 

where the subgroup CF{'E,a,P,z,s) is generated by y G Sa,/3 with s^(y) = s 
and is a subcomplex. 

We now interpret the above discussion in a way which relates more easily to the 
sphtting of ECH in terms of homology classes of orbit sets. Consider the chain 
complex CF{S, a, /i(a)) which is generated by the set 5^ of 2g'-tuples of in- 
tersection points of a and h{a), i.e., we are restricting to a page S. The homology 
groups Hi{M; Z) ~ Hi{N, dN; Z) are identified via the isomorphism w, given 
in Lemma 2.3.1. 

We then define the map 

f):5a,„(a)^^l(M) 

by assigning a cycle f)(y) to y = {yi}fii G 5a_/j(a) as follows: Suppose yi G 
Qi n h{a^(^i-^) for some a G ©25- On [0, 1] x S, we consider the union of the 
following oriented arcs: 

• [0,1] X {yi}, i = 1, ... ,2g, where the orientation is given by du 

• {0} X Ci, i = 1, . . . ,2g, where Ci is a subarc of h{ai) which goes from 
h{ya{i))^oyi. 

With the identification {x, 1) ~ {h{x),0), the arcs glue to give a cycle in N which 
represents f)(y). 

Proposition 4.10.1. Let ^ he the contact structure supported hy the open book 
decomposition (S, h) ofM, and let 5^ be the canonical Spiif -structure determined 
by ^. Then for any y G ^^^/^(a) we have 

s,{y)=s^ + PD{i){y)). 

Proof. The equality holds for any 2(7-tuple xq which represents the contact class. 
In fact, Szi'X-o) = 5^ by the definition of the contact class and f)(xo) = since the 
cycle representing it is parallel to dN. Hence, in order to prove the proposition, it 
suffices to prove that 

[)(y)-[}(y') = e(y,y') 
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for all y, y' G '5a,/i(a)- One can check that [)(y) — l)(y') is homologous to the union 
6 of the following types of arcs: 

• [0, 1] X {ni} with orientation dt, 

• [0, 1] X {y^} with orientation —dt, 

• subarcs of {1} x connecting from y to y'; and 

• subarcs of {0} x h{ai) connecting from y' to y. 

By homotoping 5 to a page S, we see that [5] = e(y, y') with respect to the Hee- 
gaard diagram (S, P, a, z) given in Section 4.9.1. □ 

4.11. Twisted coefficients in Heegaard Floer homology. In this subsection we 

review the definition of Heegaard Floer homology with twisted coefficients, origi- 
nally defined in [0Sz2, Section 8], and prove a twisted coefficient analog of The- 
orem 4.9.4. We describe the construction for HF; the construction for HF^ — 
which will be used in [CGH3] — can be treated in a similar way. 

Fix a Spin'^-structure s and a /c-tuple of intersection points yo such that Sz{yQ) = 
5. A complete set of paths for 5 based at yo is the choice, for each fe-tuple of 
intersection points y such that Sz{y) = s, of a surface Cy which is the projection 
to [0, 1] X S of a surface representing an element of 7r2(y, yo)-^ 

A complete set of paths determines maps 

21 : 7r2(y,y') ^ i?2([0, 1] x S, {0} x ^3 U {1} x a) ~ H2{M) 

for all y and y' such that ^^(y) = s-Ay') = 5 by 2l(^) = [Cy U ^ U -Cy]. This 
map is compatible with the action of H2{M) on 7r2(y, y') and with the concatena- 
tion of chains with matching ends. 
We define 

C£(S, a, /3, z,s) = aF(S, a, ^, z,s) ®w F[i?2(M; Z)] 
as an F[i?2(M; Z)]-module, with differential 

^y= E E #(^'=\y,y',^)/M)e^(^)y'. 

The homology of this complex is the Heegaard Floer homology with twisted coef- 
ficients HF{M,s). 

Consider the special Heegaard diagram constructed in Section 4.9.1. For every 
Spin'^-structure s G Spin'^(M) we define the complex 

CF{S,a,h{a),s) = CF{S,a,hia),s) ®fF[F2(M;Z)] 

with the differential induced by the differential on CF CE, P, a, z, s). 

Theorem 4.11.1. H^( CF (S, a, /i(a),s)) is isomorphic to HF_(T., /3, a, z,s) as 
¥[H2{M;Z)]-modules. 



^In this section we will identify relative homology classes in W with relative homology classes 
in [0, 1] X E when needed. 
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Proof. Fix a distinguished 2(7-tuple of generators yo such that s^(yo) = 5. We 
choose a complete set of paths Cy with the following property: if y = y U {xi}, 
y' = y U {x[} and y" = y U {x'l}, then Cy = Cyi U A and Cy = Cyi U D[, 
where Di and D[ are the surfaces corresponding to the thin strips connecting x'l to 
Xi and respectively (see Figure 1). With this choice of a complete set of paths, 
we have 2l(Di) = ^{D[) = for all i, so the proof of Theorem 4.9.4 goes through 
unchanged. □ 

5. Moduli spaces of multisections 

The goal of this section is to introduce the moduli spaces which will be used to 
define the chain maps 

$ : CF{S,a,h{a)) ^ PFC2g{N,ao,uj) 

and 

* : PFC2g{N,ao,u) ^ CF{S,a,h{a)). 

The definition of these chain maps can be viewed as a melding of ideas of Sei- 
del [Sel, Se2] and Donaldson-Smith [DS]. 

Let y = {yi, . . . , y2g} be a generator of CF{S, a, h{a)), where G Oj fl 
h{a„(^i)). Intuitively, y is mapped to an element of PFC2g{N) through an in- 
termediary called a broken closed string 7y. It is a union of closed curves in 

= S" X [0, 1]/ ~, obtained by taking the union of x [0, 1], i = 1, . . . , 25, 
and Cj X {0}, i = 1, . . . ,2g, where q is a subarc of h{ai) which coimects h{y^(j^i) 
to yi. Note that there is a unique homotopy class of arcs from h{y„(^i-^) to yi, since 
h{ai) is an arc (and not a closed curve). The arcs yi x [0, 1], q x {0}, i = 1, . . . ,2g, 
glue up to give a union of closed curves since 0) ~ (^^(i)) !)• 

5.1. Symplectic cobordisms. Recall the stable Hamiltonian structure (ao,w) on 
A'" from Section 3, where uq is given by Equation (3.1.1). For simphcity we assume 
that 0:0 = dt- The fibration N is given by: 

Ar=(5x [0,2])/~, (x,2) - (/i(x),0), 

where h is the first return map of the stable Hamiltonian vector field Rq = dt with 
zero flux. Here we make one sUght modification: the interval [0, 1] in Section 2 
is now replaced by [0, 2]. We may assume that Rq is Morse-Bott nondegenerate 
— i.e., nondegenerate in the interior of and Morse-Bott along dN — after a 
C'^-small perturbation for A; » 0. 

Remark 5.1.1. Indeed, the stable Hamiltonian vector field Rq on has the same 
first return map as a Reeb vector field Rt, r > 0, by construction, and we could 
have taken R^ to be Morse-Bott nondegenerate. 

In this section we introduce the symplectic cobordisms Q+) and {W-, Vl-), 
as well as their "compactifications" (W-^-,^l+) and (W-,Q-). The cobordism 
r2_|_) interpolates from the stable Hamiltonian structure ([0, 1] x S, {dt,uj)) 
at the positive end to the stable Hamiltonian structure {N, {ao, u)) at the negative 
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end, whereas the cobordism {W-, goes from {N, (oq, w)) at the positive end 
to ([0, 1] X S, {dt, w)) at the negative end. 

5.1.1. The symplectic cobordisms and (TV-, Q.-). Consider the infinite 

cylinder M x 5^ ~ M x (M/2Z) with coordinates {s,t). Let vr^i : iV ^ be 
the fibration (x, t) ^ t and let t:b' : M x — > 5' = M x S*^ be the extension 
{s,x,t) !-)• (s,7r5i(x,t)). Let us write Ns = t^]^}{{s} x S^) for s G M. 

We define W+ = ■k^}{B+), where S+ = (M x (M/2Z)) - B% and B% is 
the subset [2, oo) x [1, 2] C M x (M/2Z) with the corners rounded. See the left- 
hand side of Figure 2. We write vr^^ : Wj^ — i3+ for the restriction of ttb'- 
Note that the boundary of can be decomposed into two parts that meet along 
a codimension two corner: the vertical boundary d^Wj^ = 71^^(05+), and the 
horizontal boundary dhWj^, which is equal to the union of the boundaries of the 
fibers. 




Figure 2. The bases and B^. The sides are identified. Both 
Bj^ and are biholomorphic to a disk with an interior punc- 
ture and a boundary puncture. Here the location of on B is 
indicated by x . 



Similarly, we define iy_ = -K^^liB^), where S_ = (M x (M/2Z)) - 5^ and 
Bl is (— oo, —2] X [1, 2] with the corners rounded. The projection 7rB_ '■ — > 
S_, the vertical boundary d^W-, and the horizontal boundary dhW- are defined 
analogously. 

The symplectic form 17+ (resp. is the restriction of 

ds Adt + io = ds Adt + dsPt 

to VF1|_ (resp. W-). By this we mean the following: On R x 5 x [0, 2], we take the 
symplectic form ds Adt + oo. Then the symplectic form glues under the identifica- 
tion (s, X, 2) ~ (s, h{x),0). 

We also write cI{Bj^), d{B^) for the compactifications of 5+, obtained by 
adjoining the points at infinity p_|_ corresponding to s = +oo, and p_ correspond- 
ing to s = —oo. Therefore cl{B^) and cl{B^) are isomorphic to the closed unit 
disk with one marked point on the interior and one marked point on the boundary. 
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5.1.2. The cobordisms {W+,n_^_) and {W_,Q,_). We now extend to 
which corresponds to capping off each fiber 5 by a disk; the definition 
of {W Q.-) is analogous. 

We first define the capped-off surface S: Let Z)^ = {p < 1} be a disk with polar 
coordinates (p, cj)). We write Zoo for the origin p = 0. Let (y, 9) be the coordinates 
on a neighborhood N{dS) ~ [-e,e\ x M/Z of dS = {0} x M/Z (inside a shght 
extension of S), as before. Then 5 = (5 U D^)/ where {y,e) G Af(5S') is 
identified with -27r6l) € £>2. 

Let m be an integer > 2g, which we take to be arbitrarily large. We define 
hjn '■ S ^ S iohQ & smooth extension ofh : S S, depending on m, such that: 

(p,0) ^ {p,(l) + iym{p)), 

where z/^ : [0, 1] — > M is a smooth function which satisfies the following: 

• J^mip) = 7^forp< i; 

• ^'m(p) is increasing for i < p < |; 

• T^m{p) is decreasing and independent of m for | < p < 1; 

• ^mil) «§ and 1/^(1) = 0; 

• z/oo := lim^n^oo i^m exists. 

In particular, Vooip) = for p < i. Taking the Umit m — > cxd becomes impor- 
tant starting from Section 7.8, but until then we just need m » and we simply 
write h = /?..„, and v = z/„(. 

We then define the suspension 

N = = (Sx [0, 2])/(x, 2) ~ (h{x),0). 

Note that, although A^^^ depends on m and f^, all the Nm are diffeomorphic. The 
closed manifold N is obtained from M by a 0-surgery along the binding of the 
open book. Let cU be an area form on S which extends co and equals pdp A on 
D^. We then extend the stable Hamiltonian structure (oq = dt,uj) on to the 
stable Hamiltonian structure [oq = dt, to) on N. The Hamiltonian vector field Rq 
of oJ equals dt on S x [0,2]. Moreover, the orbit So = {zoo} x [0,2]/ ~ is the 
only simple closed orbit of Rq on N — N which intersects S at most 2g times; 
it is called 6o since it lies on the level set p = 0. The 2-plane field of the stable 
Hamiltonian structure is ker ao = TS. 

We now define and W-. First define extensions = R x [0, 1] x 5 of 
W = Rx[0,l]x SandW = RxNofW' = RxN. Let ¥51 :iV^5^bethe 
fibration {x,t) t and let 

Wb' ■■W = RxN ^ B' = Rx 

be the extension {s,x,t) 1— {s ,W gi (x , t)) . For* = + or —, we set 11^* =Tf^{B^) 
and write vf^^ : — > for the restriction of vf^,^ to VF*. The symplectic forms 
ri+, fi, fi' for Wj^, W-, W, W are obtained from ds A dt + U by gluing and 
restricting as necessary. 
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Let us write 

V ■=N-int{N) = {D^ X [0,2])/(.x,2) ~ {h{x),Q). 

We then identify f.V^D'^-K (M/2Z) via {pe''t>,t) ^ (pe'^^+^'^'^py^^t). Note 
that If relates two coordinate systems on V: (i) the "Reeb coordinates" (re, t) on 
X [0,1] such that Rq = dt and (x,2) ~ (^(a;),0), and (ii) the "balanced 

coordinates" on D"^ x (R/2Z) such that Rq = dt + ^84, and {x, 2) ~ (x, 0). 
For * = + or — , let 

: n (m X y) ^ 

be the projection of M^* n (M x y) to V, followed by the projection of V to 
via the identification ip, i.e., with respect to the balanced coordinates. 

5.1.3. The marked point m. We also choose the marked point in = (rri'', rri-^) G 
W-, where m'' = (|, 0) G S_ and = z^o ^ S. The marked point will play a 
crucial role in the definition of the chain map 

5.2. Lagrangian boundary conditions. 

5.2.1. Lagrangian boundary conditions for W±. The symplectic fibration 

7rB+ ■.{W+,n+)^ {B+,dsAd,t) 

admits a symplectic connection, defined as the f2+-orthogonal of the tangent plane 
to the fibers. The symplectic coimection is spaimed by dg and dt if we consider 
fl = ds A dt + oj onR X S X [0, 2] before the identification (s, x, 2) ~ (s, h{x), 0). 
(Here W+ C (M x 5 x [0, 2])/ 

We first place a copy of the basis a on the fiber Tr^^{3, 1) and take its paral- 
lel transport along dB^ using the symplectic connection. The parallel transport 
sweeps out a Lagrangian submanifold of (W+, Let L'^. be the connected 
component of given by parallel transport of Oj. Since the symplectic connec- 
tion is spanned by dg and dtonRx S x [0, 2], over the strip {s >3,t G [0, 1]} we 
have: 

L+ n {s > 3, t = 0} = {s > 3} X h{a) x {0}, 

L+ n {s > 3, t = 1} = {s > 3} X a x {!}. 

Similarly, the Lagrangian submanifold L~ on the vertical boundary of {W- ,^^) 
is obtained by taking the parallel transport of a copy of a — placed on the fiber 
TT^^ (—3,1) — by the symplectic connection. 

5.2.2. Extended Lagrangian boundary conditions. In what follows we assume that 
the basis arcs Oj, i = l,...,2y, depend on m ^ and satisfy some addi- 
tional conditions. Let E c dD"^ be the set of endpoints of lii=i,...,2gO-i and let 
yi (m), . . . , 2/43 (m) be the points of £^ in counterclockwise order. Then we assume 
the following: 

• Qi = ai{m) is oriented; 
. < <t>{yi{m)) < f ; 
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Figure 3. Extended arcs in D^. The black arcs are portions of 
the aj and the red ones are portions of the /i(oi). The dashed arc 
is one of the Sij — Hi. 



• for 1 < 31,32 < 4c/, 

is an integer multiple of ; 

• there exists kQ ^ 2g such that ^Hrn)-m y ^ 

, 0Ji-J2(m.)-m _ j.^ (j)^'^'i^{m) = 0; 

m— >+oo 7T1— >+oo 

• for all quadruples ji > 32, h > ^4, ^ ^ "^^^^^^ (ji,i2) = 
(J3,i4)- 

Assume without loss of generality that the initial point of aj is Xi and the terminal 
point of Oj is x'^. Let aj be the (oriented) extension of C S" to S, obtained 
by attaching two radial rays aij = {0 </9 <!,</) = 4>i,j}, j = 0,1, where 
is a constant. Here Oj (resp. 1) is the initial (resp. terminal) segment of 
Oj. We also define the extension Sij = {—1 < p <!,(/> = j = 0, 1, of 

ai,j = {0 < p < 1,0 = (/>jj}. 

We write a = {ai, . . . , a2g}- Then is the extension of L^, obtained by the 
parallel transport of a copy of a, placed at 7f^| (3, 1) or vf^^ (—3, 1). We similarly 
define L|, L|; , L^,, ^ , and L^.^jg. ^ , where a = a - {zoo} and = a, - {zoo}- 

Definition 5.2.1. A bigon (with acute angles) contained in and bounded by 
CLij and h(aij) will be called a thin strip. The portion of a thin strip contained in 
Di/2 = {p < ^} will be called a thin wedge. See Figure 3. 

5.3. Almost complex structures and moduli spaces for W, W, W, and W. 

In this subsection we specify the almost complex structures and moduli spaces for 
W,W,W' = RxN,andW' = Rx N. The notation may conflict with the 
older ones, namely those used in Sections 3 and 4; in the case of conflict, the new 
notation supersedes the older ones. 
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Convention 5.3.1. When we write y or 7 (with possible superscripts, subscripts 
and other decorations), it is assumed that y C S and 7 c iV. In particular, y and 
7 do not contain any multiples of z^o or Sq- 

5.3.1. Holomorphic maps to W and W. Let = M x [0, 1] x and W = 
M X [0, 1] X 5. Also \eiQ, = ds ^dt + uJ and Tl = ds ^dt + uJ. Then J is defined 
as the set of C°°-smooth ri-admissible almost complex structures on W. 
The analogous space J for W is sUghtly more complicated: 

Definition 5.3.2. Fix e, (5 > sufficiently small and A; > sufficiently large. Then 
J is the set of -smooth O-admissible almost complex structures J aaW which 

satisfy the following: 

(1) there exists an O-admissible almost complex structure Jo which restricts 
to the standard complex structure on the subsurface D"^ (Z S of each fiber; 

(2) J = Jo on {/) < e} U PF and I J - Jolfc < 5 over W. 
Here | • is some fixed C'^-norm. 

We denote by J the restriction of J to W . Let S = 5^ /^(a) be the set of 2(/-tuples 
of intersection points on a n /i(a). Given y, y' G <S and J G J', let j(y, y') be 
the moduU space of HF curves from y to y' with respect to J which are contained 
in R X [0, 1] X S. 

We next discuss holomorphic curves in W. 

Definition 5.3.3. Let y, y' be fc-tuples of a n /i(a) and J G J. Then a degree 
k <2g multisection u from y to y' in {W , J) is a holomorphic map u : F W 
which is a degree A; multisection of tTb : — > B, satisfies the conditions of 
Definition 4.3.1 with and replaced by La = IK x {1} x a and ^^(g) = 

M X {0} X /i(a), and is asymptotic to y and y' at the positive and negative ends. 

Definition 5.3.4. The section at infinity (Too is the map M x [0, 1] W which 
sends {s,t) ^ {s,t,Zoo)- 

The section at infinity is J-holomorphic for every J ^ J . We will be sloppy 
with the notation and routinely identify a 00 with its image. 

Let zJo € Di/2 C 5 be a point with p-coordinate less than \ and in the com- 
plement of all arcs a^j and h{aij). The orbit 0{zlo) of zlo under the action of h 
consists of m points, and each thin wedge in -D1/2 between ajj and h(aij) con- 
tains exactly one point of 0{zlo)- Let crJo = M x [0. 1] x 0{zlo). (Note that this 
multisection does not have Lagrangian boundary conditions; it will only be used to 
impose topological constraints on the HF curves.) 

Definition 5.3.5. Givenadegree/cmultisectionuofl^, we define n (it) = («, aJo), 
where (•, •) denotes the algebraic intersection between the images. 

The intersection number n{u) is a homological invariant since zlo was chosen 
so that 0{zlo) is disjoint from the Lagrangian arcs. 

Lemma 5.3.6. The intersection number n{u) satisfies the following properties: 
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(1) n{u) > and n{u) = if and only if the image ofu is disjoint from aJo/ 

(2) if (it, (Too) > 0, then n{u) > m; 

(3) ifniu) = 1, then u projects onto a thin strip; and 

(4) n{u) is independent of the choice ofzlo. 

Proof. (1) follows from the positivity of intersections of pseudo-holomorphic maps 
in dimension four, (2) is a consequence of the fact that holomorphic maps are open, 
and (3) is a consequence of the positivity of intersections and of the fact that every 
thin wedge contains only one point of 0{zto)- Finally, (4) follows from the fact 
that different choices for crJo are connected by a path of multisections which are 
disjoint from the Lagrangian boundary conditions. □ 

Definition 5.3.7. Let y and y' be /c-tuples of a n /i(a). Then Mj{y, y') is the 
moduU space of degree k multisections uof {W,J) from y to y'. 

Modifiers. For any moduh space Mi,^ (^2) we may place modifiers * as in 7W*^ (★2) 
to denote the subset of A4+j(*2) satisfying *. Typical self-explanatory modifiers 
are I = i, n = m, and deg = k. (Note however that the degree can be inferred 
from ★2-) 

The following lemma is an easy consequence of Lemma 5.3.6, in particular of 
points (1) and (4). 

Lemma 5.3.8. M5=°(y,y') = A^j(y,y') if y,y' e S. 

5.3.2. Holomorphic maps to W and W. Let J' be the space of C°°-smooth 
(ao, a;)-adapted almost complex structures on W' = R x AT. The definition of 
the analogous space J' for W = E x A'^ is slightly more comphcated, but com- 
pletely analogous to Definition 5.3.2: 

Definition 5.3.9. Fix e, 5 > sufficiently small and A; > sufficiently large. 
Then J' is the set of C°°-smooth (oq, oJ) -adapted almost complex structures J' on 
R X A'^ which satisfy the following: 

(1) there exists an (aoi ^) -adapted almost complex structure Jq which restricts 
to the standard complex structure on the subsurface C S* of each fiber; 

(2) 1' = 11 on {p < e} U (M X N) and | J' -l^\k<S over WxN. 
Here | • |fe is some fixed C'^-norm. 

Let P be the set of orbits of Rq in int{N), together with e and h on dN, and let 
V = VU{5o}. Let Ok and Ok be the set of orbit sets constructed respectively from 
PorV which intersect 5 x {0} exactly k times. A PFH curve is a J'-holomorphic 
Morse-Bott building in R x A^ without fiber components, which connect two orbit 
sets in 023- If we perturb the Morse-Bott family, then the perturbed PFH curve (if 
it exists) can be viewed as a degree 2g J'-holomorphic multisection of the holo- 
morphic fibration R x iV ^ R x 5^ 

We denote the section at infinity R x (^o by a'^. Choose a point zlo ^ S which 
is sufficiently close to Zoo. Then there is a periodic orbit 5l of Rq with period m 
which passes through zJo- We then write (cr^)^ = M x (jj. 
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Definition 5.3.10. Given a PFH curve u in W, we define n'{u) = {u, (c^)^)- 
The proof of the following is similar to that of Lemma 5.3.6. 

Lemma 5.3.11. The intersection number n'{u) satisfies the following properties: 

(1) n'{u) > and n'{u) = if and only if the image ofu is disjoint from 

(2) if{u,R X 6o) > 0, then n'{u) > 0; and 

(3) n'{u) is independent of the choice of zto- 

Definition 5.3.12. Given 7,7' G Ok and J' G J', let A^j'(7,7') be the moduli 
space of {W, J')-holomorphic Morse-Bott buildings from 7 to 7' without fiber 
components. Given d^-f, S^j' G Ofe and J' G J', let Mjr{S^j, S^j') be the 
moduli space of {W, J')-holomorphic Morse-Bott buildings from 7 to 7' without 
fiber components. 

We also use the modifier * = s to indicate the subset of somewhere injective 
curves. 

Lemma 5.3.13. Ifj and 7' are contained in N, then 7W^=0(7, 7') = Mji (7, 7'). 

Proof. Let H be a J'-holomorphic Morse-Bott building satisfying the constraint 
n'(it) = 0. Let be the torus {p = po} C N, oriented as the boundary of the 
solid torus {p < po}. The torus Tp^ is foliated by orbits of the Hamiltonian vector 
field Rq and, for a dense set of po, those orbits are closed. If Sp^ is one such orbit, 
then the homology class [6pg] is a rational multiple of [6q] in H2{N ~ j U 7'). This 
implies that {u, R x dp^) = for po in a dense set. The positivity of intersections 
then impUes that the image of u is contained in iV. □ 

5.4. Almost complex structures and moduli spaces for W+, W+, W-, and 
5.4. L Almost complex structures. 

Definition 5.4.1. An almost complex structure J_|_ on W-^- is admissible if it is the 
restriction to of an almost complex structure J' G J^' on W. If J+ agrees 
with J (resp. J') at the positive (resp. negative) end, then J_|_ is compatible with J 
(resp. J'). 

An admissible almost complex structure J+ on W+ is the restriction of an ad- 
missible almost complex structure on W+. The admissibihty criteria for J_ and 
J_ on W- and W- are analogous. 

The space of (7°°-smooth admissible almost complex structures J± (resp. J±) 
on W± (resp. W±) wiU be denoted by J'± (resp. J±). 

The restrictions of cr^ = R x 5o C W to W+ and W-, respectively, are 
holomorphic sections at infinity, written as cj+ and a^. 

Remark 5.4.2. If J_|_ G J+, then the projection 7rs_^ : VF+ — >■ is holomorphic. 
This is due to the fact that the fibers {{s, t)} x 5 are holomorphic and J+ takes dg 
to dt. The same holds for J^, and J_. 
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5.4.2. Moduli spaces for W+. Let {F,j) be a compact Riemann surface, possibly 
disconnected, with an Z-tuple of punctures p = {pi , p;} in the interior of F and 
a /c-tuple of punctures q = {qi, ...,%} on dF, such that (i) each component of F 
has nonempty boundary and at least one interior puncture and (ii) each component 
of dF has at least one boundary puncture. We write F = F — p — q and OF = 
dF-q. 

Let y be a /c-tuple of a n h{a.) and let 7 = Ylj jj^^ be an orbit set in Ok- 

Definition 5.4.3. Let J+ € J+. Then a degree k < 2g multisection of{W+, J+) 
from y to 7 is either (i) a holomorphic map 

u:iF,j)^iW+,J+) 

which is a degree k multisection of ttb^ '■ — )■ and which additionally 
satisfies the following: 

(1) u{dF) c and u maps each connected component of dF to a different 

(2) lim ttr o uiw) = +00 and lim ttr o ufu;) = —00; 

(3) u converges to a strip over [0, 1] x y near q; 

(4) u converges to a cylinder over a multiple of some 7^ near each puncture pi 
so that the total multiplicity of 7^ over all the pi's, is ruj; 

(5) the energy of u given by Equation (4.3.1) is finite; 

or is (ii) a Morse-Bott building which, after perturbing Rq using an appropriate 
Morse function and perturbing J+, becomes a degree k multisection of vr^^ : 
W+ — > 5+ which additionally satisfies (l)-(5). Here ttr is the projection t:b+ '■ 
W+ ^ S+ c M X 5\ followed by the projection to M. 

A J+)-CMrve is a degree 2^ multisection of J+). 

The finiteness of the Hofer energy E{u) implies that u is a cylinder over a Reeb 
chord or a closed orbit in neighborhoods of punctures pi and qi. Hence (5) im- 
plies (3) and (4) for some y and 7. Moreover, since the orbits are nondegenerate, 
the convergence is exponential by the work of Abbas [Ab] for chords and Hofer- 
Wysocki-Zehnder [HWZl] for closed orbits. 

Remark 5.4.4. For all practical purposes, it suffices to assume that the Morse-Bott 

family on dN has been perturbed into a pair h, e of nondegenerate orbits and that 
J+ G J7+ with respect to the perturbed Reeb vector field. 

Let Wj^ be W+ with the ends {s > 3} and {s < — 1} removed. We can view 
W+ as a compactification of VF+, obtained by attaching [0, 1] x S* at s = +00 and 
N ais = —00. We define Zy -y c W+ as the subset 

Zy,^ = (L+ n W+) U ({3} X [0, 1] X y) U ({-1} x 7). 

As in Section 4.3, the W+-curve u : F ^ W+ can be compactified to a continuous 
map 

u:{F,dF)^{W^,Zy,^). 
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We write Mj_^ (y, 7) for the moduli space of multisections of J^) from y 
to 7. We denote by H2{W+,y, 7) the equivalence classes of continuous degree 2g 
multisections in W+ satisfying Conditions (l)-(4) of Definition 5.4.3, where two 
multisections are equivalent if they represent the same element in H2{W-^-, Zy^^). 
Then 

A^j+(y,7)= n Mj+(y,7,^)- 

5.4.3. Moduli spaces for W^. Let y be a fc-tuple of a fl h{a.) and let 7 G O^. 

Then a degree k < 2g multisection of (W+, J-^-) from y to ^ is defined as in 
Definition 5.4.3, where W+, J+, L+ are replaced by J+, L^ .^ We write 
Aij^ (y, 7) for the moduli space of multisections of {W+, J+) from y to 7. 

Let 5q be the closed orbit of Rq used in Definition 5.3.10. We define ((7+ )^ as 
the restriction of R x 5q to 

Definition 5.4.5. Given a multisection u of we define n+(M) = {u, (o-^)^)- 

Lemma 5.4.6. The intersection number n'^{u) satisfies the following properties: 

(1) W^ill) > and n^i^) = if and only if the image ofu is disjoint from 

(2) if {u,a^) > 0, then n~^{u) > m; moreover n+(n) = m if and only if 
there is a unique transverse intersection point between the image ofu and 
C7^; and 

(3) n"'"(u) is independent of the choice ofS^. 

Proof. The proof is similar to that of Lemma 5.3.6. The only difference is in (2), 
which we discuss in more detail. Consider u : F W+ and let p G F be a 
point such that u{p) € cr+,. If tt£)2 is the projection of a neighborhood of u{p) G 
to D"^ C S along the symplectic connection, then 7r^2 o u is holomorphic 
and nonconstant, and therefore maps an open neighborhood of ^? in F to an open 
neighborhood of z^q. This imphes that n~^{u) > d ■ m, where d is the multiplicity 
of the intersection between the image of u and (7+ . □ 

Lemma 5.4.7. Ifu e M^'^^^{y,'j), then Im(u) C W+. 

The proof is similar to that of Lemma 5.3.13 and will be omitted. 

5.4.4. Moduli spaces for W^. The moduU space of holomorphic maps which is 
used to define the map from PFC to CF is of a slightly different type from the 
moduli space which is used to define the map $ from CF to PFC. In particular, 
the target of the holomorphic maps is W- instead of W-. The reason we need 
to consider more complicated holomorphic curves instead of curves analogous to 
PF+-curves is that the naive VF_-curves do not have the desired Fredholm index. 
See the index calculations in Section 5.5.2 and Remark 5.5.6 for an explanation. 



'We require that components of dP be mapped to Li, and be disjoint from — Li" . 
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Let {F, j) be a compact Riemann surface, possibly disconnected, with an /-tuple 
of punctures p = {pi, ... in the interior of F and a A;-tuple of punctures q = 
{qi, . . . , Qk} on dF, such that (i) each component of F has nonempty boundary 
and has at least one interior puncture and (ii) each component of dF has at least 
one boundary puncture. We write F = F — p — q and dF = dF — q. 

Let y be a /c-tuple of a fl ^(a) and let 7 = Ylj jj^^ G Ok- 

Definition 5.4.8. Let J_ G J'-. Then a degree k <2g multisection of{W-,J-) 
from y to 7 is either (i) a holomorphic map 

u:{F,j)^{W-,J^) 

which is a degree k multisection of Wb_ '■ W- — > 5_ and which additionally 

satisfies the following: 

(1) u{dF) c Lg and u maps each connected component of dF to a different 

^Si' _ _ 

(2) lim vtm o u(w) = —00 and lim ttk o u(w) = +00; 

(3) u converges to strip over [0, 1] x y near q; 

(4) u converges to a cylinder over a multiple of some 7^ near each puncture pi 
so that the total multiplicity of 7^ over all the pj's is rrij; 

(5) the energy of u given by Equation (4.3.1) is finite; 

or is (ii) a Morse-Bott building which, after perturbing Rq using an appropriate 
Morse function and perturbing J_, becomes a degree k multisection of vf^ : 
W- —> which additionally satisfies (l)-(5). Here ttr is the projection ttb- '■ 
W- 5_ c M X 5\ followed by the projection to R. 

Let 6q be the closed orbit of Rq used in Definition 5.3.10. We define {(t^)"^ as 
the restriction of R x 5q to W-. 

Definition 5.4.9. Given a multisection u of W-, we define n~(w) = (m, (o"^)^). 

The proof of the following is similar to that of Lemma 5.4.6. 
Lemma 5.4.10. The intersection number n~{u) satisfies the following properties: 

(1) n~{u) > and n~{u) = if and only if the image ofu is disjoint from 

(2) if {u,a^) > 0, then n (u) > m; moreover n {u) = m if and only if 
there is a unique transverse intersection point between the image ofu and 
a^; and 

(3) n~{u) is independent of the choice ofd^. 

Definition 5.4.11. A {W-,J-)-curve is a degree 2g multisection of J-) 

satisfying n~ (u) = m. 

Let W- be W- with the ends {s > 1} and {s < —3} removed. We can view 
W- as a compactification of VF_, obtained by attaching [0, 1] x 5 at s = —00 and 
Nats = +00. Also let 

Zj,y = {L^ n W) U ({1} x 7) U ({-3} X [0, 1] x y). 
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We write M-j_ (7, y) for the moduli space of multisections of {W- , J_) from 7 

to y. We denote by H2{W-,^, y) the equivalence classes of continuous degree 2g 
multisections in W- satisfying Conditions (l)-(4) of Definition 5.4.8, where two 
multisections are equivalent if they represent the same element in H2{W-, Z^^y). 
Then 

Also let Mj_ (7, y; m) C Mj_ (7, y) be the subset of curves which pass through 
the marked point m. 

The following lemma is similar to Lemma 5.4.7: 

Lemma 5.4.12. Ifu e M^~_=°i'j,y), then Im(u) C W^. 

5.5. The Fredholm index. In this subsection we compute the Fredholm index 

'\ndw+ of a {W+, J+)-curve from y = {yi, . . . , y^g} G ^^^.(a) to 7 = Ht^' ^ 
02g and the Fredholm index ind-j^ of a {W-, J_)-curve from 7 to y. 

The Fredholm indices are computed using the doubling technique of Hofer- 
Lizan-Sikorav [HLS], which we quickly review, referring to the original paper for 
the details. 

5.5.1. Doubling. Let (F, j ) be a compact Riemann surface with boundary, p and q 

be finite sets of interior and boundary punctures of F, and F = F — p — q. We form 
the double {2F,2j) of {F,j) by gluing two copies of F with opposite complex 
structures j and — j along their boundary dF = dF — q. By the Schwarz reflection 
principle, the two complex structures match and the doubled surface becomes a 
punctured Riemann surface. 

Let F — ^ F be a complex vector bundle with fiberwise complex structure i and 
let L dF be a totally real subbundle of maximal rank. Let F — )■ F be a complex 
vector bundle whose fiber Fj, at p G F is Ep with complex structure —i. We then 
construct the doubled complex vector bundle 2F — 2F by gluing E ^ F and 
E ~^ F along dF such that at each p € dF the gluing map identifies the fibers 
{Ep, i) ~ (Fp, —i) via an involution which fixes Lp pointwise. Let a : 2F ^ 2F 
be the anti-holomorphic involution a which switches (F, j) and (F, — j) and let 
a : 2E ^ 2E be the anti-C-linear bundle isomorphism which projects to a and 
identifies Ep ~ ^(t(p) by the identity map, where p € (F, j)- Finally, given a 
linear Cauchy-Riemann type operator D on F, we can define the doubled operator 
2D on 2F with the property that 2D is a-invariant and its restriction to F ^ S is 
D. 

One of the results of [HLS] is the following: 

Theorem 5.5.1. Suppose that both D and 2D are Fredholm operators in some 

suitable Sobolev spaces. Then: 

• ind(F>) = i ind(2F)); and 

• if 2D is surjective, then D is also surjective. 
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Our situation is slightly more general than that considered by [HLS], since we 
are considering boundary punctures and exponential weights. The proof, however, 
remains largely unmodified. 

5.5.2. The W+ case. For the purposes of computing indices, we replace W+ by 
W+, as defined in Section 5.4.2. The tangent space TW-^- splits into the vertical 
and horizontal subbundles TS and TB^ via the symplectic connection. (In this 
section we slightly abuse notation and write TS for the vertical subbundle over 
W+.) 

We define a trivialization r of TS along Zy ,y as follows: First define r along 
L+ n W-i- by orienting all a-arcs arbitrarily as in Section 4.4.2 and extending the 
trivialization by parallel transport along d^W-^.. We then extend the trivialization 
of TS\j^+^^r_^ in an arbitrary manner to a trivialization of TS along {3} x [0, 1] x y 
and along {—1} x 7. 

Let u : {F,j) {W+, J+) be a -curve. Suppose the negative ends of u 
partition mj into {mji,mj2, ■ ■ ■)■ We then write: 

3 i 

where Uril^''') is the Conley-Zehnder index of the mj^-fold cover of 7^ with 
respect to r. 

We now define a real rank one subbundle Cq of TS along 

(L+ n U ({3} X [0,1] xy). 

Let£o = TL+nTSon L+nW+. In particular, Cq = Taijji) at {3} x {1} x {yj 
and Cq = Th{a){yi) at {3} x {0} x {y,}. We then extend Cq across {3} x 
[0,1] X y by rotating in the counterclockwise direction from T/i(a) to Ta in TS 
by the minimum amount possible. Assuming orthogonal intersections between a 
and h{a), the angle of rotation is ^. 

Let fJ-riy'i) be the Maslov index of Cq along {3} x [0, 1] x {yi} with respect to 
r. If £ = u*Co, then we define /ir(y) to be the Maslov index of C with respect to 
r. By the definitions of Cq and r, it is immediate that 

2<7 

l^riy) = Xl^^(2/^)• 
We then have the following Fredholm index formula for W+-curves: 

Proposition 5.5.2 (Fredholm index formula for VF+-curves). The Fredholm index 
of a {W+, J+)-curve u : {F,j) — )■ J+)from y to 7 is given by the formula: 

(5.5.1) mdw+{u) = -x{F) -2g + Mr(y) - Mr (7,^) + 2ci{u*TS,t). 

Proof. We double the surface F along dF = dF — q, where q is the set of bound- 
ary punctures, and double the puUback bundle u*TW+ along the real subbundle 
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{u\qp)*TL'^ on dF, to obtain the doubled surface 2F with a complex vector bun- 
dle 2u*TW-^- 2F. The boundary punctures qi of F are doubled to give positive 



Since the trivialization r of TS\zy ^ was chosen to be tangent to TL+ n TS, its 
puUback to u*TWj^ is compatible with the doubling operation and gives a trivial- 
ization 2r of 2u*TS over a neighborhood of the punctures of 2F. Also let r' be 
a partially defined trivialization of TB^ which is given by ds at the positive and 
negative ends of Then r' can be doubled to 2t' on 2u*TB^ which is defined 
over a neighborhood of the punctures of 2F. 

The linearized 5-operator at u splits as a sum Du = Dl ® Ku, where 
is a Cauchy-Riemann type operator on '^-sections of u*TWj^ with exponen- 
tial weights and Ku is a direct sum of finite-dimensional operators, one for each 
puncture of F, with index 2 for interior punctures and index 1 for boundary punc- 
tures; see [Dr, Section 2.3] for the definition of the operator Ku- We define 
2Du = 2Dl e K'u, where K'u is a finite-dimensional operator and contributes 
by 2 to the index for each puncture of 2F. Technically speaking, K'u is not the 
double of Ku\ nevertheless ind(if„) = \ m.A{Ku). By applying Theorem 5.5.1 to 
D% we obtain ind(i:'„) = \ m<l{2Du). 

We now apply the standard Fredholm index formula (see for example Drag- 
nev [Dr]) for holomorphic curves in symplectizations — with slight modifications 
— to obtain: 



Here /Z2r(2y) is the sum of the Conley-Zehnder indices, computed with respect to 
the trivialization 2r, of the paths of symplectic matrices arising from the asymp- 
totic operators at 2yi. The last term is the relative first Chem class of the double of 
the puUback bundle u*TS with respect to 2r. The one term that is not present in 
the Fredholm index formula for J-holomorphic curves in a symplectization is the 
penultimate term 2ci{2u*TB+,2t'). 
We then compute the following: 

(a) xm = 2x{F) - 2g; 

(b) n2T{2yi) = 2nr{yi) - 1; 

(c) ^2t{i,2u) = 2/i^(7,u); 

(d) ci{2u*TB+,2t') = -2g; 

(e) ci{2u*TS,2t) = 2ci{u*TS,t). 

(a), (c) and (e) are straightforward, (b) will be proved in Lemma 5.5.3 below, (d) 
is equivalent to 2g times the Euler characteristic of the double of B^, by arguing 
in a manner similar to that of Claim 4.5. 10. 
Summarizing, we obtain: 



indw+iu) = i-x{F) + g) + (/x^(y) - g) - firh, u)-'^9 + 2ci{u*TS, r) 
= -x{F) -2g + iir{y) - iir{l,u) + 2ci{u*TS,t). 



interior punctures 2qi on 2F. 



(5.5.2) 



ind(2D„) = -x(2F) + /X2r(2y) - 2^^2rh, 2^*) 

+ 2ci{2u*TB+, 2t') + 2ci{2u*TS, 2t). 



This completes the proof of the proposition. 



□ 
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Lemma 5.5.3. Ai2r(2yi) = "^iJ^riyi) - 1- 

Proof. Let Qi G dF be a (positive) boundary puncture and let 6 = [0, oo) x [0, 1] C 
F be a strip-like end with coordinates (s, t) which parametrizes a neighborhood of 
Qi. Suppose u maps the end asymptotically to i/j. Fix a symplectic trivialization 

e : u\*£TS 4 X f 

such that u\*Qg{TL+ n TS) corresponds to (M 0) x dS. Here d£ = dF n 8. 

Let 2£ = ([0,oo) x [0,2])/(s,0) ~ (s,2) be the end of the doubled surface 
2F, which corresponds to the interior puncture 2qi and is obtained by doubUng £. 
The involution a is given by cr(s, t) = {s, 2 — i) with respect to these coordinates. 
Similarly, we have a symplectic trivialization 

29 : 2n|^r5 ^ x 2g 

and a is given by (t((.ti, .T2), s, t) = ((.xi, — .X2), s, 2 — t). 

Let Jo^t + Si{t) be the asymptotic operator of DJ] corresponding to qi with 
respect to the triviahzation 0. Here Jq is the standard complex structure on M? 
and Si{t) is a symmetric 2x2 matrix with real coefficients. For the definition 
of the asymptotic operator and its relation with the Fredholm theory of linearized 
5-operators, see [Dr, Section 3] or [HT2].^ The solution of the Cauchy problem 

= JoSi{t)^{t), $(0) = 

is a path of symplectic matrices which represents the linearized Reeb flow along 
the chord yi, expressed with respect to the trivialization r. In our setting, we may 
assume that is a path of unitary matrices. By identifying (M^, Jq) = (C, i), 
we write = e*"^*'* for some function a : [0, 1] M. Then 

l^r{y^) = l^^^ + 1, 

where [[xJJ is the greatest integer < x. 

The double of the asymptotic operator, i.e., the asymptotic operator of the dou- 
bled operator 2D^ at the interior puncture 2qi, can be written as Jodt + Si{t), 
where: 

Si{t), tG[0,l]; 
CSi{2-t)C-\ tG[l,2], 
and C = diag(l, —1). The solution of the corresponding Cauchy problem is 

m, te[0,l]; 

C$(2-t)$(l)-iC-^$(l), tG[l,2]. 
Hence can write = e'"*^*), where a : [0, 2] — )■ R is given by: 

tG[0, 1]; 

-a{2-t) + 2a{l), iG[l,2]. 



Si{t) 

m 
k 

a{t) 



The Conley-Zehnder index of the path $ is 



^What we call Si here is written as C200 in [Dr]. 
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Since 

^ 5(2)-Q(0) jJ ^ ^ (5(2)-Q(l))+(a(l)-Q(0)) jJ 

^ ^ 2(a(l)-a(0)) jJ ^ ^ a(l)-a(0) jj ^ 

we obtain /i2r(2yi) = 2iir{yi) — 1, as desired. □ 

5.5.3. TheW^case. The trivialization r of TS*,^ is defined on Z^ y in a manner 
similar to that of W-f, except that the positive and negative ends are reversed. The 

definition of the real rank one subbundle £ of TS along (Lg n W-) U ({—3} x 
[0, 1] X y) is also similar and will be omitted. 

If u is a VF_ -curve from 7 to y, then the Fredholm index ind^_ {u) is defined 
as the expected dimension of the moduU space M.-j_ (7, y) near u. 

Remark 5.5.4. The expected dimension of M.^ (7, y; in) is indpp_ (u) — 2. 

We then have the following Fredholm index formula: 

Proposition 5.5.5 (Fredholm index formula for VF_-curves). The Fredholm index 
of a {W J-)-curve u : {F, j) — > {W-, J-)from ^ toy is given by the formula: 

(5.5.3) ind^_(«) = -x{F) + /x^(7,«) - /ir(y) + 2ci{u*TS,t). 

Proof. By a calculation similar to that of Proposition 5.5.2, we obtain 

{u) = {-x{F) +g)+ fir{l,u) - (//^(y) -g)-2g + 2ci{u*TS, r), 

which simplifies to the desired result. □ 

Remark 5.5.6 (Reason for considering W-). We will give a rough explanation 
of the reason for considering holomorphic curves in W- which pass through m. 
Suppose we have a Ty+ -curve u from y to 7 and a W--curve v from 7 to y (i.e., 
lm{v) C W-). Then, by taking the sum of Equations (5.5.1) and (5.5.3), we 
compute the Fredholm index of the glued curve u#v, corresponding to the stacking 
of W+ at the top (s > 0) and W- at the bottom (s < 0), to be: 

md{u#v) = -xiF) + 2ci{iu#vrTS,T) - 2g, 

where F is obtained from gluing the domains of u and v. The stacking gives rise 
to a chain map CF — > CF, which we expect to map y 1— )■ y via restrictions 
of trivial cylinders (modulo chain homotopy). This would mean x{F) = and 
ci{{u#v)*TS,t) = 0. This leaves us with a deficiency of 2g. Introducing the 
point constraint at in, from the perspective of Fredholm indices, is basically equiv- 
alent to applying a multiple connected sum to the holomorphic curve v and the fiber 
S which passes through in. The multiple connected sum is performed at the 2g in- 
tersection points between v and S. We effectively increase the Fredholm index by 
2g + 2, obtained by adding up the following contributions: 

(i) the Fredholm index of the fiber S, which is = 2 — 2g; 

(ii) 2g intersection points, each of which contributes +2 to minus the Euler 
characteristic. 
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The point constraint then cuts the expected dimension of the moduli space by —2, 
for a net gain of 2g. 

5.6. The ECH index. In this section we present the ECH index Iw+^ the rela- 
tive adjunction formula, and the ECH index inequality for The situation for 
W- is analogous, and will not be discussed expUcitly, except to point out some 
differences. 

5.6.1. Definitions. Let y = {yi, . . . , y2g} € 5a,ft(a) and 7 = 11^=17™" ^ C>2g. 
Let r be a partial triviaUzation of TSt^^ along Zy -y as given in Section 5.5.2. 
Using the triviaUzation r, for each simple orbit 7^ of 7, we choose an identification 
of a sufficiently small neighborhood N^-jj) of 7^ with 7^ x D^, where has polar 
coordinates (r, 9). 

Definition 5.6.1 (r-trivial representative). A t -trivial representative C of A ^ 
if2(l^+, y, 7) is an oriented immersed compact surface in the class A which satis- 
fies the following: 

(1) C is embedded on Wj^ — {s = —1}; 

(2) C is positively transverse to the fibers {(s, t)} x S along all of dC; 

(3) C is r-trivial in the sense of Definition 4.5.2 at the HE end; 

(4) C is T-trivial at the ECH end, i.e., for all sufficiently small e > 0, CTl {s = 
—1 + e} consists of nij disjoint circles {r = e,0 = Oji\, i = 1, . . . , mj, 
in N{jj) for all j. (See [Hul, Definition 2.3].) 

Let d+C = dCn{s>0} and d^C = dC n {s < 0}. 

Definition 5.6.2 (Relative intersection form). Let A € i?2(W+,y,7) be a ho- 
mology class which is realized by a r-trivial representative C. Then the relative 
intersection form Qt{A) is given by {C,C'), where C' is a pushoff of C which 
satisfies the following: 

(1) C is pushed off in the J+r-direction along d+C; and 

(2) for small e > 0, C' H {s = —1 + e} consists of rrij disjoint circles {r = 
£,6 = 9ji + e'}, i = 1, . . . , rrij, in iV(7j) for all j, where e' > is a 
sufficiently small constant. 

(See [Hul, Definition 2.4].) 

5.6.2. Relative adjunction formula. Let u : F ^ W+ be a VF+-curve and let n : 
F W+ be its compactification. Then we write w~ (n) for the total writhe of the 
braids u{F) fl {s = sq}, sq <^ 0, with respect to r. Similarly, if m : F ^ W- is a 
W --curve, then we write {u) for the total writhe of the braids u{F) f]{s = sq}, 
Sq » 0, with respect to r. 

Lemma 5.6.3 (Relative adjunction formula). Let u : F ^ W+ be a W+-curve in 
the homology class A G H2{W+, y, 7). Then 

(5.6.1) ci{u*TW+, {r,dt)) = x(F) - w;{u) + Qr{A) - 26{u) 

where dt trivializes TB+. 
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For a VF_-curve u, we replace —w^ (u) by w+(tt). 

Proof. Suppose u is immersed. If u is the normal bundle of u, then we have the 
formula: 

(5.6.2) ci{u*TW+, (r, dt)) = ci{TF, Ot) + ci{u, r). 

In the general case, we combine the calculations of Lemma 4.5.8 and [Hul, 
Proposition 3.1] to obtain the equation 

ci{u*TW+, (r, dt)) = ci{TF, dt) - {v) + Qr{A) - 25{u). 

The analog of Claim 4.5.10 for the present situation is 

(5.6.3) ci{TF,dt) = x{F). 

The difference in the shape of the base (i.e., B vs. B^) accounts for the discrepancy 
between Equation (5.6.3) and Claim 4.5.10. □ 

Remark 5.6.4. Since ci{u*TB+,dt) = 0, we have 

ci{u*TW+,{T,dt)) = ci{u*TS,r)+ci{u*TB+,dt) = ci{u*TS,r). 

5.6.3. ECH index. We now define the ECH indices for and VF_. 

Definition 5.6.5 (ECH index for VF+). Given a class A G i?2(W+,y,7) which 
admits a r-trivial representative C, we define 

(5.6.4) Iw+{A) = ci{TW+\a, (t, dt)) + Qr{A) + Mr(y) - Ml) - ^9, 
where /Ir(7) is the symmetric Conley-Zehnder index at the negative (ECH) end. 

Definition 5.6.6 (ECH index for W-). Given a class A G H2{W-,'y,y) which 
admits a r-trivial representative C, we define 

(5.6.5) {A) = ci{TW-\a, (r, dt)) + Qr{A) + M^f) - My)- 

As usual, the ECH indices Iw+ (A) and i^p {A) are independent of the choice 
of triviaUzation r. 

Remark 5.6.7. To obtain a finite count of -curves which pass through the point 
m, we count curves u with ECH index {u) = 2. 

5.6.4. Additivity of indices. 

Lemma 5.6.8 (Additivity of indices). If u G A^j(y, y'). v G A1j_,_(y',7), and 
u^v is a pre-glued curve, then 



(5.6.6) i\idw+{uH^v) = uidHF{u) + \n<lw+{v), 

(5.6.7) Iy^,^(u#v) = Ihf{u) + Iw+{v). 

Similarly, ifu€ M.j^ (y, 7), v G A4ji (7, 7'), and u#v is a pre-glued curve, then 

(5.6.8) 'm.dw+ {u#v) = mdw+ (u) + indECHiv), 

(5.6.9) Iw+ {u#v) = Iw+ (n) + Iech {v) . 



Proof. The additivity for ind is well-known and the additivity for / is immediate 
from the definitions. □ 
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5.6.5. Index inequality. Although we will not define it here, given an integer nik > 
and a simple orbit 7jk, we can define the incoming partition P^{mk) and the 
outgoing partition P°"*(mfc) as in [Hu2, Definition 4.14]. 

We have the following index inequality, which is analogous to [Hul, Theo- 
rem 1.7] (also see [Hu2, Theorem 4.15] which is applicable to symplectic cobor- 
disms). Note that a VF+-curve is automatically simply-covered. 

Theorem 5.6.9 (Index inequaUty). Let ubea W+-curve from y to 7 = Y[k=i ^"k^- 
If the negative ends ofu partition rrik into {mki,mk2, ■ ■ ■), then 

indw+iu) + 25{u) < Iw+{u), 

and equality holds only if P^{rnk) = {'mki,'mk2, ■ ■ ■ )for all k. Similarly, ifu is 
a W --curve from 7 = Ylk=i Tfc** y positive ends ofu partition rrik into 

{mki,mk2, ■■■), then 

'uidw_ {u) + 25 {u) < Iw- (u), 

and equality holds only ifP^^{mk) = {rriki, mk2, ■ ■ ■ )for all k. 

Here S{u) is the signed count of interior singularities of u, where each singular- 
ity contributes positively to S{u). The following are immediate: (i) if indpi/^ (u) = 
Iw+ (u), then u is embedded; and (ii) if /vK+ (u) = or 1, then u is embedded. 

Proof. If we plug Equation (5.5.1), Equation (5.6.4), and the relative adjunction 
formula (5.6.1) into Iw+i^) — mdw+{u), we obtain: 

Iw+iu) - indw+iu) = liril.u) + w~{u) - Jiril) + 26{u). 
The statement for Wj^ then follows from the writhe inequality 

where equaUty holds if and only if the partition (m^i, 171^2, . . . ) of the negative end 
of u coincides with the incoming partition P^^{mk). (See [Hu2, Lemma 4.20].) 
The proof for W- is similar. □ 

5.7. Holomorphic curves with ends at Zoo- In this subsection we explain how 
to extend the definitions of the Fredholm and ECH indices to holomorphic curves 

which have ends at multiples of z^o- The novelty is that the Lagrangian boundary 
condition is singular at z^o and that the chord over z^o can be used more than 
once. We will treat in detail the case of a curve u : F ^ W which is a degree 
/ multisection of — )■ M x [0, 1]; multisections of W+ and W- can be treated 
similarly. 

5.7.1. Data at z^. We define the data ^ at as a p-tuple of matchings 

{(i'lJ'i) {h,ji), • • • , (ipjp) {ip,jp)}, 

where ik, i'^ e {1, • • • , 2g}, jkJl G {0, 1} for A; = 1, . . . ,p and ik ^ k, 4 7^ 
i'l for k 7^ I. To the data ^ we associate its set of initial points T>^'^°^ = 
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{(i'lJ'i), {i'pj'p)} and its set of terminal points D*" = {(ii,ii), • • • , {ip,jp)}, 
and define V = {V*°, 

We write {z^(i)} U y for the 2^-tuple of points of a fl /i(a), where y C S, 
Zoo has multipHcity p, ^ is the data at z^, and each arc of {oj, /i(aj)}^£i is used 
once. Here z^[V) is viewed as a collection of chords Zqq from h^a^i^ji^ to aif.^j^, 
where k = 1, . . . ,p. 

5.7.2. Multisections. In this subsection we define multisections u : {F,j) — > 
{W, J) with irreducible components which branched cover aoo- The notation is 
complicated by the fact that there may be branch points of Wb ou along dB. 

Notation. Let {F, j) be a compact nodal Riemann surface, possibly disconnected, 
with two sets of punctures q+ = {qf, . . . ,q'^} and q~ = {q^ , . . . , q^} on dF 
and a set p = {pi, ... ,pi} of nodes on dF, such that (i) the nodes p are disjoint 
from q+ and q^, (ii) each connected component of F has nonempty boundary, 
(iii) on each oriented loop of dF whose orientation agrees with that of OF, there 
is at least one puncture from each of q"*" and q~ , and (iv) the punctures on q"*" and 
q~ alternate along each oriented loop of dF. Here, by a loop or path on dF we 
mean a loop or path which is a concatenation of subarcs of OF with endpoints on 
q"'" U q~ U p. We write F = F — q+ — q~ . 

Given a holomorphic multisection u : {F,j) — ^ {W, J), we write 

u = u'[j n", 

where u' is a possibly disconnected branched cover of cjoo and u" is the union 
of irreducible components which do not branch cover a^o- We also decompose 
F = F'U F" such that F' is the_domaiii^f u', F" is the domain of u", and all the 
nodes are on dF'. The case of Wj^ and W- are analogous. 

The data C. The nodes of dF' correspond to branch points of ttb o u along dB. If 
we view F' as a branched cover of B with some branch points along dB, then let 
Fg^f be the branched cover of B obtained by pushing the boundary branch points 
to int{B). 

Definition 5.7.1 (Data C). An irreducible component d of dF' is an oriented path 
from q"*" to q~ along dF' , where the orientation either agrees with that of dF 
on all the subarcs of d or is opposite that of dF on all the subarcs of d. A set 
A = {d\ , . . . , } is a decomposition ofdF' into irreducible components, if dF' = 
^\=\di, di is an irreducible component of dF', and di, dj, i ^ j, intersect only at 
points of q+ U q~ U p. There is a canonical decomposition A of dF' which 
corresponds to dF'^^^. A data C is a map A — )■ {ajj, h{aij)}ij. 

In words, u' can be viewed as mapping A to the set of Lagrangians Lq. ^ or 
Z^^-. ,y Observe that C determines the data ^+ and at the positive and nega- 
tive ends. 

We then make the following definition which agrees with Definition 4.3.1 when 
z+ = y+ andz_ = y_: 
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Definition 5.7.2. Let z+ = {z^{^+)} U y+ and z_ = {z^(^_)} U y_ be 
/c-tuples of points of afl h{a). A degree k multisection of(W, J) from to z_ is 
a pair {u, C) consisting of a holomorphic map 

u = u'Uu" :{F = F'U F",j) {W,J) 

which is a degree k multisection of Wb '■ W ^ B and data C for u', and which 
additionally satisfies the following: 

(1) n"(9F")cL3UL^(g); 

(2) there is a canonical decomposition A of dF' such that u maps each con- 
nected component of dF" and each irreducible component of A to a dif- 
ferent La^ or L^-.^ (here we are using C to assign some Lq. or L^-,^ to 
each irreducible component of A); 

(3) lim ttr o u(iu) = +00 and lim tTk o u[w) = — oo; 

(4) u converges to a trivial strip over [0, 1] x z+ near q"*" and to a trivial strip 
over [0, 1] X z_ near q^; 

(5) the positive and negative ends of u which Umit to z^o are described by ^+ 
and 

(6) the energy of u is finite. 

Remark 5.7.3. It will always be assumed that a multisection uofW from {z^ } U 
y+ to {zto } U y_ comes with data C. Indeed, in this paper, such a curve u only 
appears as the SFT Umit of curves Ui without components which branch cover a^o 
and hence naturally inherits C and u±. 

5.7.3. Multivalued trivializations. We define the triviaUzation r = ^ which 

will be used in the definition of the Fredholm index of a map u from {z^ (^+)} U 
y+ to {zto (^-)} U y-- The triviaUzation ^ is multivalued near z^o and 

depends on ^+ and 

Let t' = 9p be a triviaUzation of TS on — {zqo} = {0 < /> < (5} C 5, where 

(5 > is smaU. Let = [— 1, 1] x [0, 1] x S. We extend r' arbitrarily to a triviaUza- 
tion of TS along a and puU it back to ^ on TS-^ along [—1,1] x {1} x a; 

similarly we extend r' arbitrarily to a triviaUzation of TS along /i(a) and pull it 
back to ^ on TS^ along [—1,1] x {0} x /i(a). Then we extend 
along({l}x'[0, l]xy+) U({-l}x [0,1] xy_) and stiU denote it by r:=^ :^ . Fi- 

nally, for each {i'^ j.) — >■ (?±,fc, j±,fe) in we choose an extension ^ 
to {±1} X [0, 1] X {zoo} in an arbitrary way. 

If ^± are the data induced by a multivalued triviaUzation r, then we say that r 

is compatible with V±. 

Remark 5.7.4. Note that the extensions to a and to /i(a) might conflict, but it does 
not matter here. In the cobordism cases (i.e., for W and W-), when a and /i(a) 
are connected by the Lagrangian Lg, we extend the triviaUzation r' to a in an 
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arbitrary manner and then sweep it around using the symplectic connection along 
the boundary of the cobordism. 

5.7.4. Groomed multivalued trivializations. Let r be a multivalued trivialization. 
Let 

Ae = [0, 1] X dDl c [0, 1] X 5, 
where e > is small. We use coordinates (t, (f)) on 

A,~([0,1] X [0,27r])/(t,0) ~(t,27r). 

The branches of the trivialization r along [0, 1] x {z^o } give rise to a family of arcs 
in A^. Without loss of generality we may assume that c^, k = 1, . . . ,p±, is 
linear with respect to the identification of the universal cover of A^ with [0, 1] x M. 
For each arc we denote its initial point by p^g and its terminal point by p^^^. 

We finally define = {Pkfi}kti -^i" = {Pk,i}ktv P°™^ Pk,o belongs 
to the Lagrangian subarc ^(a,/ ,/ ) and the point pf^ belongs to the Lagrangian 
subarc ai± ,j± ,. 

Definition 5.7.5. The multivalued trivialization r is groomed if the arcs {c^.}^^^ 
are pairwise disjoint for both * = + and * = — . The collections c+ = {c^}^=i 
and c~ = {c^}^^^ are the groomings at the positive and negative ends. 

Note that every groomed multivalued trivialization induces data but not 
every is compatible with a groomed multivalued trivialization. 

5.7.5. Index formulas. We first give the Fredholm index of a multisection. 

Proposition 5.7.6. Let u : F W be a degree I multisection with data ^± at 
Zoo, cind let r = T;^^ ^ . Then the Fredholm index ofu is given by the formula: 

(5.7.1) ind(u) = -x{F) + I + iir{u) + 2ci(n*r5,r). 

The proof is a computation in the puUback bundle u*TW , which is completely 
analogous to that yielding Equation (4.4.4). 

Next we discuss the ECH index of a multisection (u, C) with ends 

z+ = {z^+(^+)}Uy+, z_ = {z^-(^_)}Uy_. 
Let r = T:^ ^ be a groomed multivalued trivialization with groomings = 
{c^}. Let ^z+,z_,T be the subset of W given by 

^z+,z_,r = U L^(g) U ({1} x [0, 1] X y+) U ({1} X c+) 
U({-1} X [0,1] xy_)U({-l} X C-), 

where = [—1, 1] x {1} x a and Lj^(^^ = [—1, 1] x {0} x /i(a). 

Remark 5.7.7. Note that [—1, 1] x {0, 1} x {zoo} is disjoint from Lg and Ljir^y 
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T-trivial representative. Define 7r2(z_|_, z_, r) C -^2(1^; -^z+,z_,t) in analogy to 
the definition of 7r2(y,y') in Section 4. We now describe the construction of a 

r-trivial representative (7 C of the class [u] in 7r2(z+, z_, r): 

Step 1. Replace u' : F' ^ W u'^^^ : F^^^ — >^ so that there are no nodes 
along dFext and each component of dFext is mapped to some La^ . or Lrg^-, /j in a 
manner consistent with the data C : A — >■ {aj^j , ^(ajj)}j,j. 

Step 2. Compactify the ends of u^xt = '^ext ^ ^" ^ext as in Section 4.3. 

Step 3. Perturb Uext so that the resulting representative C is immersed, dC C 
■^z+,z_,r> each component of dC r\ {t = 0, 1} is mapped to Lg. ^. or L^-^, ,^ as 
specified by C, and C satisfies 

7r(C'U=±i) n ([0, 1] X int{D^)) = c± C A„ 

and the conditions in Definition 4.5.2 at all the other ends. Then resolve the self- 
intersections to make C embedded. Here 

TT : [-1, 1] X [0, 1] X 5 ^ [0, 1] X 5 

is the projection onto the second and third factors. 

The quadratic form Qr- Let C be a r-trivial representative of u. Let (5) be the 
(() = 5 translate of c^, where 5 > is small. We then take a pushoff C' of C such 
that dC is pushed in the direction of Jr and 

Ti{C'\s=±i) n ([0, 1] X int{D^)) = Ult^4{6) C A,. 

Then Qr{A) = {C, C') as in Definition 4.5.5. 

We remark that, in passing from u to [H] , we only record T>± (and not ^±), 
because the matching is not a homological invariant. 

Definition 5.7.8 (ECH index). Given A € 7r2(z+, z_, r) and a groomed multival- 
ued trivialization r compatible with P+ and X>_, we define 

(5.7.2) Ir{A) = Qr{A) + Jtr{dA) + ci{T^\a,t), 

where Jlr{dA) will be given in Section 5.7.6. 

Sometimes we will write It{u) to mean Ir{A), where A is the relative homology 
class defined by u. 

5.7.6. Definition ofjirid A). We first define The groomed multivalued 
triviaUzation r determines the matchings V^""^ — )■ V^, and we pick a cycle ( 
which represents OA and respects the matchings along {±1} x [0, 1] x {zq^}- 
The puUback bundle (*TS is trivialized by the pullback of r. We now define 
a multivalued real rank one subbundle £0 of TS along Z- by setting Cq = 

TLgi n TS on La and TLj^^-^ n TS on L^-^ and extending £0 across {±1} x 
[0, 1] X z± by rotating in the counterclockwise direction from Th{a.) to Ta in TS 
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by the minimum amount possible. We then define Hr{dA) as the Maslov index of 
C = C*^o with respect to r. 

Now we define the corrections to add to iJ.T-{dA) to obtain JiT-idA). Let r be a 
groomed multivalued trivialization which is compatible with , P_ ) and which 
induces the groomings c+ = {c^}^^]^ and c" = {c^}^^^. 

Definition 5.7.9. Given a grooming c = {cfc}|^j^ from Pq to Pi, its winding num- 
ber is given by: 

(5.7.3) w{c) = ^ w{ck), w{ck) = {ck, {(j) = tt}), 

k 

where the arcs Cfe and {0 = tt} are oriented from t = Otot = 1 and is oriented 

by (90, 

Remark 5.7.10. The grooming c is determined by its endpoints Pq and Pi and its 
winding number w{c). 

Let w{c) = q. Let be the linear arc in A^ which is disjoint from {4> = tt} 
and has the same endpoints as c^. (Note that the collection {c^} is usually not 
groomed.) Then we define as the number of arcs in {c^} whose ^-coordinate 
decreases as t increases (in the universal cover). The number ccg only depends on 
q (modulo p), through the bijection Pq ^ Pi. 

We finally define JlridA) as follows: Let q+ = w{c'^) and q- = w{c~). Then 
we define the "discrepancies" at the positive and negative ends as: 

(5.7.4) = -(ag± - ao) - q±{p± - 1) 
and we set: 

(5.7.5) JlridA) = fjLriOA) +d+ - d'. 

(This means that we are using g_ = as the reference point.) The discrepancy 
d'^ — d^ was (somewhat artificially) added to make Lemma 5.7.12 hold. 

Remark 5.7.11. Let us view Pq and Pi as points on (— 7r,7r). In the special case 
where the points of Pq and Pi alternate along (— tt, tt), we can write: 

\ -p*{q* - [[^11), if minj;6P(, x > mm^^p^ x. 
Here [[xJJ is the greatest integer < x and [fx]] is the smallest integer > x. 
5.7.7. ECH indices of branched covers of sections at infinity. 

Lemma 5.7.12. If A & tt2{{z^(^+),{z^{'D-)},t) is the relative homology 
class of a p-fold branched cover of (with possibly empty branch locus), then 
Ir{ A) = Ofor all groomed multivalued trivializations r compatible with P+ and 

V_. 

Proof. Let c"*" = {c^} and c~ = {c^} be the groomings of r and let q± = w{c^). 

In order to compute Qr{A), we choose a r-trivial representative C oi A such 
that: 
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• (7 n ([0, 1] X [0, 1] X S) = [0, 1] X c+; 

• C n ((-1, 0) X [0, 1] y_S) C (-1, 0) X [0, 1] X int{Dl); 

• C n ({-1} X [0, 1] X 5) = {-1} X 

and a representative C' such that: 

• C" n ({1} X [0, 1] X S) = {1} X t+{5); 

• C" n ((0, 1) X [0, 1] X 5)_C (0, 1) X [0, 1] X int{Dl); 

• C"n([-1,0] X [0,1] xS) = [-1,0] X c-((5). 

Since all the intersections between C and C' are contained in the level s = 0, 

Qr{A) = C+ ■C-{S)=p{q+-q^). 

Next we claim that 

fir (OA) = {ag^ -2q+)- {aq_ - 2g_). 

Indeed, given the end which corresponds to a strand c^, the Maslov index of the 
end is given by —2w{cf) if the endpoints of satisfy < p^^ < pf^ < 27r, and 
is given by 1 — 2w{c^) if < < p^^ < 27r. On the other hand, the number 
of strands for which p^Q > p^^ holds is exactly ag. The claim follows. 
Hence, 

Jlr{dA) = {aq^ - 2q+) - (ag+ - ao) - q+{p - 1) 

- {ag_ - 2g_) + {aq_ - ao) + q-{p - 1) 
= -(<?+- + !)• 

We also have ci{TS\a, t) = q+ — q-. Putting everything together, we obtain: 
Ir{A) = p{q+ - g_) - {q+ - q^){p + 1) + {q+ - g_) = 0. 
This proves the lemma. □ 
We also state the following lemmas without proof: 

Lemma 5.7.13. Ifu:F—^ W- is a degree p < 2g multisection which branch 
covers with possibly empty branch locus, then I{u) = 0. 

Lemma 5.7.14. Ifu : F — >■ W- — mt(W_) is a degree p <2g multisection with 
positive ends at 5q with total multiplicity p and negative ends at a p-element subset 

of{xi, ... , X2g, .t'i, . . . , x'^g}, then I{u) = p. 

5.7.8. Additivity of indices and independence of the trivialization. The Fredholm 
and the ECH index are additive with respect to concatenation. The proofs of the 
following lemmas are straightforward. 

Lemma 5.7.15. Letui be a multisection with negative end {z^(^)} U y, and let 

U2 be a multisection with positive end {z^(^)} U y. Ifuii^U2 is the multisection 
obtained by gluing ui and U2 along their common end, then 

'md(ui^U2) = ind(ui) + ind(u2). 
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Lemma 5.7.16. Let T2 and ti be groomed multivalued trivializations compatible 
with {T>2, T>i) and (Pi, Pq). respectively, and let r be obtained by concatenating 
T2 and Ti. Given relative homology classes 

^2G7r2({zS(^2)}Uy2,{zS(^i)}Uyi,r2), 

G 7r2({zS(^i)} U yi, {z^^ (^0)} U yo, n), 
we can form the concatenation 

A2#Ai G 7T2i{zP^ (^2)} U y2, {zS(^o)} U yo, r). 

Then we have: 

Ir{A2#Ai)=Ir,{A2)+IrMl)- 

In view of the following lemma, we can suppress r from 7^. 

Lemma 5.7.17. It {A) is independent of the choice of groomed multivalued trivi- 
alization r. 

Proof. Let r and r' be two groomed multivalued trivializations adapted to the same 
data (P+, It suffices to consider the particular cases when r and r' differ only 
either at some yi or at Zoo- In the first case, the argument is analogous to the proof 
of Lemma 4.5.6. In the second case, we can glue branched covers of (Too to switch 
groomings. Then the statement follows from Lemma 5.7.12 and the additivity of 
the ECH index. □ 

5.7.9. The ECH index inequality. Let n be a degree I multisection of W from 
z+ = {2:S'(^+)} U y+ to z_ = {zgj (^-)} U y_ such that u = u" . We define 
c^, /c = 1, . . . ,p± as the intersections of A^ with the 7r-projections of the it ends 
of u which limit to Zoo- Here e > is small and depends on u, and the map tt 
projects out the s-direction. Let = {c^}^_i and let (resp. P^) be the 
set of the initial (resp. terminal) points of the arcs c^. 

Lemma 5.7.18. If t is a groomed multivalued trivialization which is compatible 

with and A G 7r2(z_|_, z_, r) is the relative homology class ofu, then 

(5.7.7) I{A) > ind(n) + {d.+ -dr). 

In particular, if the points of Pq and alternate along (0, 27r) for both * = + 
and —, then I{A) > ind(ll). 

Proof If we use the groomed trivialization r corresponding to to compute both 
the Fredhohn and ECH indices, then the proof of the relative adjunction formula 
(Lemma 4.5.9) goes through unmodified. Hence Equation (5.7. 1) and Lemma 4.5.9 
imply: 

ind(u) = -x{F) + I + ^^r{u) + 2ci{u*TS, r) 

= QriA) + firiu) + ci{u*TS, r) - 2S{u). 
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Since r is groomed, we liave ij.t{u) = firidA). Comparing with the definition of 
I{u), we have: 

(5.7.8) I{u) = ind(n) + (firidA) - ^ir{^A)) + 2S{u) 

= md{u) + {d+ -d-) + 26{u). 

Equation (5.7.7) follows from observing that S{u) > since u is J-holomorphic. 

Next suppose that the points of Pq and Pf alternate along (0, 27r) for both * = + 
and We claim that d+ > 0. Let vr : M x [0, 1] x ^ ^ [0, 1] x ^ be the 
projection onto the second and third factors. By the positivity of intersections, 
Tr{u) is positively transverse to the Hamiltonian vector field dt; hence q+ < 0. 
By Equation (5.7.6), if q+ < 0, then (i+ > (in both cases), < is proved 
similarly. □ 

5.7.10. ECH index calculation. In this subsection we compute the ECH index of 
a multisection of W which is the disjoint union of a branched cover of the section 
at infinity (Too and a curve which limits to a multiple of Zqo- This calculation will 
be used in Section 11.3.7.2. 

Let u = u' Uu" be a degree pi +p2 + 1 multisection of W, where dcg u' = pi, u" 
is a multisection from y to {2:^(^2)} U y' and I is the cardinality of y'. Suppose 
that the data ^1 and V2 for u' and u" at the negative ends and z^ satisfy: 

(Di) ^1 = {(ii, ji) (ii, ji), • • • , (Vi, Jpi) (.ipiJpi)}; 
(D2) ^2 = ^ (i'(,f{), ^ j^J}; 

(D3) = and the sets ""^ and P*" are disjoint from = 

Let £-^k be the end ofu" at Zqo corresponding to {i'f,,j'f.) — > {i'kdk)- 

Let C A^/2 = dDl^^ x [0, 1]^ and q a A^ = dD^ x [0, 1] be groomings 

which correspond to ^1 and ^2 and satisfy the following: 
(Gi) c||~ has winding number qi := w{t'^) = 0; 
(G2) the intersection vr(U^f^^£'_^fc) fl A^ is groomed; 
(G3) q = 7r(Ufii£:_,fc) n A^ and 92 := w{q) = or 1; 
(G4) the points of Pq and P^ alternate along (0, 27r), i.e., the projection of 
to dD^ is injective. 

Here Pq (resp. P{) is the set of initial (resp. terminal) points of c~. 

Let TT be the projection of TF = [-1, 1] x [0, 1] x 5 to [0, 1] xS and let C" 
and C" be representatives of u' and u" in W such that 7r(C"|s=_i) = c^^ and 
7r(C"%=-i) = q. 

Let TTp : [|, e] x 51?^ x [0, 1] dD'^ x [0, 1] be the projection along the p- 
direction. Let to be the signed number of crossings of 7^p{ci U C2 ), i.e., the writhe. 
Observe that all the crossings of 7Tp{q U c^) are positive as a consequence of 
(G1)-(G3) and pi > tt) as a consequence of (G4). 

*^Here we are writing = ^ [Oi 1] instead of [0, 1] x dDl^2 to indicate tlie orientation 

of Ae/2. 
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Lemma 5.7.19. Let u = u' L) u" be a degree pi + P2 + 1 multisection of W, where 
deg = pi, is a multisection from y to {-z^ (©2)} U y' and I is the cardinality 
ofy'. If the data 2 at the negative end satisfy (Di)-(Ds) and (Gi)-(G4), 

then 

2rD, ifq2 = 0; 
pi + tt), ifq2 = 1. 



(5.7.9) I{u) > I{v!) + I{u") + 

Ifu' r]u" = in addition, then equality holds. 



Proof. It suffices to prove the equality, assuming v! n u" = 0, since the extra 
intersections contribute positively towards the ECH index. The representatives C' 
and C" can be taken to be disjoint; in fact we can assume that C" is disjoint from 
the I -neighborhood R x [0, 1] x D'^^^ of a^o. 

If q2 = 0, then we resolve the positive crossings of vrp(C]~ U c^). This is equiva- 
lent to appending a union of disks D C [—2, — 1] x [0, 1] x 5 to C" U C" such that 
D\s=-i = (C" U C")\s=-i and Tr{D\s=-2)^ is a grooming on which satisfies 
w{7r{D\s=-2)) = 0. A quick calculation shows that D contributes tt) to Q, to ci, 
and tt) to ij,. Since the discrepancy for 'K{D\g=_2) is zero, Equation (5.7.9) follows 
for q2 = 0. 

If q2 = 1, then we first switch the crossings of 7rp(c^ U c^) by appending a 
union of disks C [—2, — 1] x [0, 1] x 5 such that 7r(-D_i |s=-2) consists of 
on Ai; and on A^/2- This contributes 2tt) to Q and to ci and fi. Next append 
D^2 C [-3, -2] X [0, 1] X 5 so that 7r(-D_2|s=-3) consists of cj" on A^ and 3^ 
on A^/2' where d2 is groomed and ^(1)2 ) = 0- The surface D-2 is similar to that 
used in the proof of Lemma 5.7.12 and has zero ECH index. Finally, we resolve 
the positive crossings of vrp(C]^ U ) by appending D-3 C [—4, —3] x [0, 1] x S. 
Since there are — tn crossings, D-s contributes pi — tn to Q, to ci, and to 
H. Equation (5.7.9) then follows for q2 = 1. □ 

Next we consider the variant where the multiple of z^o is at the positive end. Let 
u = u' U u" be a degree p\+p2 + l multisection of W, where deg u' = p\, u" is 
a multisection from {z^ (^2)} U y' to y, and I is the cardinaUty of y'. We use the 
same notation as above, with — replaced by 

We make the following assumptions: 

{G'l) Ci has winding number qi := w{t^) = 0; 
{G'2) the intersection vr(U^f^^<S+,A:) n A^ is groomed; 
(6^3) 4 = ^(Ufii'£'+,fc) n Ae and q2 := w{c^) = or -1; and 
(G4) the projection of to dD^ is injective except on k > short intervals of 
dDl which correspond to thin sectors of type ©(ajj, h(aij)). 

Let to be the signed number of crossings of 7rp(C]^ U c^). In this case, all the 
crossings of Trp{c'l U C2") are negative. The analog of Lemma 5.7.19, stated without 
proof, is: 



Here we are taking tt to be the projection of the appropriate space to [0, 1] x S. 
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Lemma 5.7.20. Let u = u' U u" be a degree m +P2 + I multisection of W, where 
degu' = pi, u" is a multisection from {-z^ (2^2)} Uy' to y, and I is the cardinality 
ofy'. If the data 2 at the positive end satisfy (Di)-(D^) and ( G'^ )-( G4J, then 

-W, ifq2 = 0; 
-2tt), ifq2 = -l. 



(5.7.10) I{u) > I{vf) + I{u") + 

Ifv! r\vf' = in addition, then equality holds. 



We also compute the discrepancy d+ of C2 when 52 = —1- Since q;_i =p2 — l 
and ao = n, 

(5.7.11) d+ = -(a_i - ao) - q2{P2 - 1) 

= -{{p2 - 1) - /t) - (-1)(P2 - 1) = AC. 

By Lemma 5.7.18, 

(5.7.12) I{u") > md{u") + K. 

5.7.11. Extended moduli spaces. We now describe the extended moduU spaces 
which involve multiples of Zqo at the ends. Details will be given for W; the W+ 

and W- cases are analogous. 

Let M = A4j(z+, z_) be the moduli space of multisections of [W, J) from 

z+ = {zS^(^+)}Uy+toz_ = {zSr(^-)}Uy_. Let f be the modifier V = 0". 
We now describe an enlargement of the moduli space 

Recall that dij C D"^ is of the form {—l<p<l,(f) = cpij} for some constant 

Definition 5.7.21. An extended W-curve u from z+ to z_ is a multisection of 
{W, J) which satisfies the conditions of Definition 5.7.2 with F' = and (1) and 
(2) replaced by the following: 

(1') There exists positive and negative ends £^+,i and £-^i of F that limit to Zoo 
such that: 

• u{dF - Ui£+,i - Ui£-^i) C Lg U L^^y 

• the two components of u{dF n £+^i) (resp. u{dF n £-^i)) are subsets 

^_). 

(2') u maps each connected component of dF — U^f — Lli£-^i to a different 
The moduU space of extended VF-curves from z+ to z_ is denoted by Mj^^* (z+ , z_ ) . 



The extended moduli spaces A^^'^^*(z_|_, Sq^') and A1^'^^*(5o7', z_) are defined 
similarly. 



Notation. A sector of is /arge if it has angle tt < 4> and small if it has angle 
< (f) < TT. If R, R' C D'^ are distinct radial rays and / C M is an interval, then let 
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&{R, R'; I) be a counterclockwise sector in D'^ from R to R' such that the angle 
of the sector lies in I; if we do not specify /, we write @{R, R'). 

Role of extended moduli spaces. We briefly explain the role of the extended moduh 
space 7Wt,ext ^ >lt,e^t(z^^ z_). Letu G M"^ . Then {1'^,]'^) (ikjk) in ^+ 
corresponds to an end £"+ 4 of u, whose projection 71^2 to a small neighborhood 
of Zoo in S sweeps out a sector 6 = &{ai^ji_, h{aii^jt^)). If (3 is large, then 
7rx)2(£^+,i) has no slits by the definition of it G (i.e., Tr£)2 maps no boundary 
point of £+^i to tti^jf, — CLii^jk or h{ai'^j'^ — Oj/^ )), and the neighborhood of uin 
M'^ is generically a codimension > 1 submanifold of an extended moduU space 

5.8. Transversality. We first discuss the regularity of almost complex structures 
onW,W',W+andW^. 

5.8.1. Transversality for W and W. 

Definition 5.8.1. The almost complex structure J E J is regular if A^j(y,y') 
is transversely cut out for all tuples y and y' in a fl /i(a). The almost complex 
structure J G J" is regular if Mj'^^^{z,z') is transversely cut out for all tuples 
z = {zUl^)} U y and z' = {^^(^0} U y'. 

Note that Mj{y,y') = M'j{y,y') and A1^^"*(z,z') = >[J^^*'^(z,z'). 
Recall that a generic J G JT" is regular by Lemma 4.7.2. The same proof also 

gives: 

Lemma 5,8.2, A generic J E J is regular 

We write J'^'^^ C J for the subset of all regular J and 'j^^^ C J for the subset 
of all regular J. 

Definition 5,8,3, The almost complex structure J' G J' is regular if Alj, (7, 7') 
is transversely cut out (in the Morse-Bott sense) for all 7 and 7' in Ok, k < 2g. 
The almost complex structure J' G J'' is regular if My-{5Pj, S'^j') is transversely 

cut out for all (5^7, Sp-/' eOk,k< 2g. 

Recall that a generic J' G J'' is regular by Lemma 3.5.2. The same proof also 
gives: 

Lemma 5.8.4. A generic J' G J'' is regular 

We write {J'^'s c J' for the subset of all regular J' and (j'Y^s C J' for the 
subset of all regular J'. 

5.8.2. Transversality for W+, W+ and W— 

Definition 5.8.5. The almost complex structure J+ G J+ is regular if the follow- 
ing hold: 
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(1) all moduli spaces A^j+(y,7) with y a /c-tupie of a n /i(a) and 7 G Ok, 
k < 2g, are transversely cut out (in the Morse-Bott sense in the case of a 
Morse-Bott building); and 

(2) the restrictions J and J' of J+ to the positive and negative ends belong to 
J'^'^s and {J'ya, respectively 

Here every u G A1j_,_(y,7) is somewhere injective due to the presence of the 
HF end. In other words, Mj_^ (y, 7) = Mj^ (y, 7). 

Definition 5.8.6. The almost complex structure J+ G J'+ is regular if the follow- 
ing hold: 

(1) all moduU spaces M^-i^^'^z, 5^7') with z = {z^iV)} U y, 7' G and y 

a tuple of a n /i(a), are transversely cut out; and 

(2) the restrictions J and J' of J+ to the positive and negative ends belong to 
T'^^ and (j'Y^s^ respectively 

Note that M^-i^''\z,6^^') = AlJ^^''*''(z, ^gV). The regularity of J_ G J- is 
defined similarly. 

We write J^'^^ for the space of regular J+ G J+ and for the space of 
regular J± G J'±. Without loss of generality we may assume that the regular J+ 
of interest are the restrictions of regular J+. 

Remark 5.8.7. The vertical fibers {(s, t)} x S and {{s, t)} x 5 are holomorphic, 
but are not transversely cut out. 

Proposition 5.8.8. A generic admissible J+ (resp. J±) is regular 

Proof. We first treat the VF+ case. The proposition follows from a standard transver- 
sality argument along the fines of [MS, Theorem 3.1.5], with some modifications. 
The necessary modifications for almost complex structures J' G J^', defined on 
M X A'^, were described in [Hul, Lemma 9.12(b)], and our situation is almost iden- 
tical since J+ C J7+ is the restriction to W+ of some J' e J'. 

The key observation is that each irreducible component of a -curve u : F 
W+ is somewhere injective, since each [0, 1] x {yi}, yi G y, is used exactly once as 
a positive asymptotic limit. Let ttat : ^ be the restriction of the projection 
ttat : M. X N ^ N onto the second factor. We then observe that there is a dense 
open set of points p G F which are ttn -injective, i.e., 

(i) d{7rN o u){p) has rank 2; and 

(ii) {ttn o u){p) = (ttn o u){q) implies p = q. 

The perturbations to J+ can then be carried out in a neighborhood of a TTTv-injective 
point p G -F as in [Hul, Lemma 9.12(b)]. 

The regularity of the almost complex structures J and J' at the ends was already 
treated, i.e., C J and {J'Y^a C J' are dense by Lemmas 3.5.2 and 4.7.2. 

In the W+ case, the perturbations of J+ are allowed on the subset U = W+ n 
{{M.xN) — {p< e}) for some small e > 0. We simply observe that all the curves u 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 



65 



in the moduli spaces Mf {z, (557') in Definition 5.8.6 pass through U, and pick 
a TTjv-injective point p € F such that € U. The W- case is similar. □ 

5.8.3. Some automatic transversality results. We collect some automatic transver- 
sality results. 

Lemma 5.8.9. The curve C W-, viewed as having Lagrangian boundary 
LZ , is a regular holomorphic curve with ind(cr^) = 0. 

Proof. We first calculate the Fredholm index of the holomorphic embedding u : 
F with image cr^ C W- . Here F is a disk with a boundary puncture and 

an interior puncture. Using the trivialization r from Section 5.7, we compute that 
-x{F) = 0, Ht{So,u) = 1, /ir(-2oo) = 1, ci{u*TS,t) = 0. Hence md{u) = Oby 
Equation (5.5.3), which is still valid in the current situation. 

We now use the doubling technique from Theorem 5.5.1. The double of F — a 
sphere with three punctures — is denoted by 2F and the double of u is denoted by 
2u. The index of the doubled operator 2Du is ind(2li) = 2 ind(ti) = and Du is 
surjective if and only if 2Dy; is surjective. 

Now, by Wendl's automatic transversaUty theorem [We3, Theorem 1], 2Dy; is 
surjective if 

(5.8.1) ind(2il) > 2c/ + #ro - 1, 

where g is the genus of 2F and ^Tq is the count of punctures with even Conley- 
Zehnder index. In the present situation, g = and ^Fq = 0, so Equation (5.8.1) 
becomes ind(2u) > — 1, which is satisfied. □ 

The following is easier, and is stated without proof: 

Lemma 5.8.10. If J is sufficiently close to Jq, then -Mj" ~^{{zoo} U y, {yo} U 
y)/M is transversely cut out and consists of a unique curve which is represented 
by a thin strip in from to yo = Xi or x\. 

5.8.4. Marked points and transversality. In the definition of the *-map in Sec- 
tion 7, we consider multisections of W - which pass through the marked point 
m = ((0, |), Zoo). The marked point m, however, is nongeneric. In order to ensure 
the regularity of such moduU spaces with respect to tn, we need to enlarge the class 
of J_ G ~J^1^ to the class of J^, which we now define. 

Definition 5.8.11. Let e > and let C/ ^ m be an open set of W -. Then an almost 
complex structure on W - is (e, U)-close to J_ if: 

• = on W- — U ; and 

• is e-close to J_ on U. 

Here the e-closeness is measured with respect to a metric g on W- which is the 
restriction of an s-invariant metric oa'Kx N. 

Convention 5.8.12. Unless stated otherwise: 
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• U = 7fg^ {Bs{p))—{p < 5} is an open neighborhood of Kp^2S = t^bI. (p)— 

{p < 26}, where (5 > is arbitrarily small, m'' / p G and Bs{p) C 
is an open ball of radius 6 about p. 

• is (e, ?7)-close to J_ G J"^^^, where e > is arbitrarily small. 
Observe that U is disjoint from the section at infinity. When we want to emphasize 

{e, U) or (£, 5,p), we write J^_{e, U) or J^_{e, S,p). 

Definition 5.8.13. A degree k almost multisection of {W-, J^_) from 5^^/ to z' = 
{z^{'D')} U y' is a pair {u,C) which is defined in the same way as a degree k 
multisection of {W-, J_), except that H is a degree k multisection of 

Wb_ : W- - W^]_ (V) ^B_-V, 

where V = Wb_ (U). 

Let M.jO {SqJ, z') be the moduli space of almost multisections of J^) 
from (5q7 to z'. The regularity of J_ and the closeness of to J_ imply: 

(i) ("^oT, z') is regular; 

(ii) A4l<j ((5o7, z') is close to m\ {Sq^, z'); and 

(iii) all the boundary strata of -^l-o (^o7' ^0 close to the corresponding 
boundary strata of M.lj {6qJ,z'). 

Note that we can still refer to n* (u) since it is a homological quantity. 

Let ^ m be a compact set of W-. We define the modifier K to mean that u 
passes through K. 

Definition 5.8.14. The almost complex structure on W- is K-regular with 
respect to m if all the moduU spaces mIi^^*'^ z'; m) are transversely cut out. 

Lemma 5.8.15. A generic is Kp 2S-regular with respect to m. 

Proof. The proof is similar to that of [MS, Theorem 3.1.7], with modifications as 
in Proposition 5.8.8. □ 

6. The chain map from HF to PFH 

6.1. Compactness for W+. In this subsection we treat the compactness of holo- 
morphic curves in VF+ which will be used to establish the chain map $ in Sec- 
tion 6.2. 

Suppose J+ G ^7+ and J, J' are the restrictions of J+ to the positive and nega- 
tive ends. Let y = {yi, . . . , y2g} G 5a,/i(a) and 7 = ni=i Tf*" ^ ^29- 

In this section, we may pass to a subsequence of a sequence of holomorphic 
curves without specific mention. 
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6.1.1. Euler characteristic bounds. We first state a preliminary lemma: 

Lemma 6.1.1. Let ui : {Fi,ji) — )• (W+, J+), i € N, be a sequence ofW^-curves 
from y to 7. Then there is a subsequence such that all the Fi are diffeomorphic to 
a fixed F. 

Proof. The proof is given in two steps. 

Step 1 (w-area bounds). This is a consequence of the vanishing of the flux F^ 
of h (cf. Section 3.3). View the broken closed string 7y corresponding to y as a 
collection of curves in 

(L+ n U ({3} X [0,1] xy) CM^+. 

Then 7y is uniquely determined up to a homotopy which is supported on n W+. 
Let Ui : Fi ^ W+, i = 1,2, be two 1^+ -curves from y to 7 and let ttj : F — > W+ 
be their compactifications. Then Ui{dj^F) is homotopic to 7y, i = 1,2, where 
9+F is the union of boundary components of F which map to the positive (s > 0) 
part of W^. Hence ui — U2 can be viewed as a closed surface Z € i72(W^+) — 
i^2(M^+) — H2{N). Since the flux F^ vanishes, the w-area of a VF+-curve u only 
depends on y and 7. 

Step 2 (Genus bounds). Now that we have an w-area bound on the sequence {itj}, 
we can apply the Gromov-Taubes compactness theorem [T3, Proposition 3.3], 
which is a local result and carries over to the symplectic cobordism (W-f,r2+) 
without difficulty. As explained in [Hul, Lemma 9.8], the Gromov-Taubes com- 
pactness theorem imphes the weak convergence of Ui as currents to a holomorphic 
building Uoo- In particular, we may assume that [uj] G i?2(W^+,y,7) is fixed for 
all i. 

We now use the fact that [ui] is fixed to bound the genus of Fi. The relative 
adjunction formula (Lemma 5.6.3) gives: 

c^{v*TW+, {T,dt)) = x{Fi) - w-{ui) + Qr{ui) - 25{ui). 

In view of the writhe bound 

W~{Ui) > Jlrin) - H'iUi) 

from [Hu2, Lemma 4.20] and the noimegativity of 5{ui), we obtain: 

(6.1.1) x{Fi) > Cl{u*TW+, {T,dt))+Jlr{l) - - Qrin). 

This bounds xi^i) from below, since all the terms on the right-hand side either 
depend on the homology class of ui or the data of the ends. Hence we may assume 
that all the Fi are diffeomorphic to a fixed F. □ 

6.1.2. SFT compactness. 

Proposition 6.1.2. Let Ui : {Fi,ji) {W+, Jj^), i ^ N, be a sequence ofW+- 
curves from y to 7. Then there is a subsequence which converges in the sense of 
SFT to a level a -|- 6 -|- 1 holomorphic building 

■Uoo = U • • • U Va, 
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where vj is a holomorphic map to Wj = W for j > 0, Wq = W+forj = 0, and 
Wj = M X N for j < 0, and the levels W-b, ■ ■ ■ , Wa are arranged in order from 
lowest to highest. 

Here "convergence in the SFT sense" means convergence with respect to the 
topology described in [BEHWZ]. We will also write ttj : Wj Bj for the 
projection of Wj to the appropriate base Bj = B, B+, or B'. 

Proof. By Lemma 6.1.1, we may assume that Fi = F as smooth surfaces. We 
can then apply the SFT compactness theorem from [BEHWZ]. Since we are deal- 
ing with holomorphic curves with Lagrangian boundary, we sketch some of the 
standard details of SFT compactness. 

Let /i be a Riemannian metric on W+ which is compatible with J_|_ and is cylin- 
drical at both ends. By [BEHWZ, Lemma 10.7], we can add a bounded number of 
interior marked points Zi to F so that the following holds: Let gi be a hyperbolic 
metric on F — Zi which is compatible with and which has geodesic boundary 
and cusps at the boundary/interior punctures. Then we have a bound on p||VMi||, 
the so-called "gradient bound", where the norm || • || and the gradient are measured 
with respect to the metrics gi and h, and p is the injectivity radius of the surface 
doubled along dF. 

The sequence Ui converges on the thick part by the gradient bound. If gi degen- 
erates as i — oo, then there is a finite collection of homotopy classes of properly 
embedded arcs and closed curves on F — Z^, whose geodesic representatives are 
mutually disjoint, and which are pinched as i — >^ oo, i.e., the lengths of the geodesic 
representatives go to zero. Let S be any such homotopy class and let Th.m^{S, gi) 
be the e-thin annulus C {F — Zi,gi) whose core is homotopic to 5. Here e > 
is sufficiently small. Then Ui(Th.m.^{5,gi)) converges to a "holomorphic sausage" 
as in [BEHWZ, Figure 14], i.e., a stack of holomorphic cylinders or strips whose 
ends are either removable or are asymptotic to chords or closed orbits, and whose 
successive components have ends which are identified. (The same holds for Ui of 
cusp pieces of the thin part.) 

The limiting curve Woo can be written as a level a + h + 1 holomorphic building 
U ■ ■ ■ yj Va, where each Vj is not necessarily irreducible and may have nodes. 
Here (i) a, h are nonnegative integers, (ii) Vj is a holomorphic map to Wj, and (iii) 
the levels Vj are ordered from the negative end to the positive end as j increases. 
As usual, if the level Vj is just a union of trivial cylinders, then it will be elided. □ 

6.1.3. Main theorem. Suppose J-j- G and J, J' are the restrictions of J+ to 
the positive and negative ends. 

The following is the main theorem of this subsection: 

Theorem 6.1.3. LetUi : {Fi,ji) — )• (VF+, J+), i G N, be a sequence of W-^--curves 
from y to 7. If Iw+{ui) = Ifor all i, then a subsequence ofui converges in the 
sense of SFT to one of the following: 

(1) an = 1 curve; 

(2) a building with two levels consisting of an Ihf = ^ curve and an Iw+ = 
curve; or 
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(3) a building with multiple levels consisting of an I\y+ = curve, an Iech = 
1 curve, and possible Iech = connectors in between. 
Similarly, if Iw+{ui) = for all i, then a subsequence of Ui converges to an 

Iw+ = curve. 

We write "an I# = i curve" as shorthand for "a #-curve with ECH index = 

i". 

We postpone the proof of the main theorem after a more detailed discussion of 

the structure of the SFT Hmit. Let be the SFT limit of the sequence {u j}, given 
by Proposition 6. 1.2. A ghost component of Uoo is an irreducible component of Uoo 
which maps to a point. By the SFT compactness theorem, the domain of a ghost 
component is necessarily a stable Riemann surface. We recall that a Riemann 
surface F with kint interior marked points and kbdr boundary marked points is 
stable if: 

• -x{F) + hnt > 1 when dF = 0, or 

• -2x{F) + 2kint + kMr >li{dF^0. 

Let us write Uqo = V-b U • • • U U n|o, where Vj has no ghost components and 
is the union of ghost components. We will also write uSf = f-6 U • • • U Wq. 

Remark 6. 1 .4. The ECH index of a curve depends only on its relative homology 
class and therefore ghost components do not contribute to it. Hence, by the addi- 
tivity of ECH indices (Lemma 5.6.8), if Uj is a sequence of J+-holomorphic maps 
with constant ECH index, then: 

a b 
(6.1.2) J]/i/F(t'j) +%+(fo) + ^/ECH(^^-j) = I{Ui). 

Lemma 6.1.5. Each level vj, j = —b, . . . ,a, is a degree 2g multisection ofiTj : 
Wj — > Bj with no branch points along dBj. 

Proof. Since Ui is a degree 2g multisection ofTTB^ ■ 1^+ — > -B+ for all i, it follows 
that, with the exception of finitely many p ^ Bj, every level Vj intersects a fiber 
T^J^{p) exactly 2g times. 

We show that on any level Vj there are no irreducible components which lie in 
a fiber 7r~^(p). Arguing by contradiction, suppose v : F —> Wj is an irreducible 
component which maps to a fiber ttJ^ (p). If p € int{Bj), then -u is a holomorphic 

map from a closed Riemann surface F to 7r^^(p). Since 7r^^(p) is a Riemann sur- 
face with nonempty boundary, v must be constant. On the other hand, if p G dBj, 
it is also possible that F is a compact Riemann surface with nonempty boundary 
and v{dF) C a. However, since — a is connected and nontrivially intersects 
dS, V must also be constant. Since ghost components are excluded from Vj by 
definition, we have a contradiction. 

Finally, if j > 0, then we claim that TTjOVj has no branch points along dBj . This 
is due to the fact that vq uses each component of L+ exactly once and Vj , j > 0, 
uses each component of M x {1} x a and each component of M x {0} x /i(a) 
exactly once. □ 
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Lemma 6.1.6. Let u^o be the SFT limit of a sequence of J^-holomorphic multi- 
sections Ui with constant ECH index. IfJ+ is regular, then: 

• iHtivj) > Oforj > 0, 

• Iw+i^o) > 0, and 

• lECH{vj) > Oforj < 0. 

Moreover, all the vj, j > 0, are somewhere injective and satisfy 'md{vj) > 0. 
If Iw+{ui) < 1 in addition, then Vj, j < 0, is somewhere injective and satisfies 
md{vj) > 0. 

Proof. Since vj, j > 0, is a degree 2g multisection by Lemma 6.L5 and uses each 
connected component of the boundary Lagrangian exactly once, it is somewhere 
injective. Also since J and J+ are regular, it follows that the curves Vj, j > 0, are 
regular. Hence mdw{vj) > for j > and mdw^{vQ) > 0. Moreover, since 
mdw{vj) = 0, j > 0, if and only if vj is a union of trivial strips, we may assume 
that mdw{vj) > for all j > 0. By the index inequality (Theorems 4.5.13 and 
5.6.9) we have lupivj) > for j > and Iw+{vo) > 0. On the other hand, if 
j < 0, then lECHivj) > by [HTl, Proposition 7.15(a)]. 

If Iw+iui) < 1 in addition, then lECH{vj) < 1 by the additivity of the 
ECH index. Hence [Hul, Lemma 9.5] implies that Vj is somewhere injective and 
m.d{vj) > since J' is regular. □ 

Lemma 6.1.7. Let u^o be the SFT limit of a sequence of J^-holomorphic multi- 
sections Ui with I\Y^{ui) < I for all i. If J-\- is regular, then u%o = 0- 

Proof. Let ind(ii§o) and ind(nSf ) be the sum of the Fredholm indices of the ir- 
reducible components of wio and u'^, respectively. Also let F"^ and be the 
domains of and u%o, respectively. Then ind(u§o) = — x(-^^)- If '"oo has kint 
interior nodes and k^r boundary nodes, then 

(6.1.3) ind(ui) = ind(nSf ) + ind(nf^) + 2kint + hdr 

(6.1.4) = ind(txS?) - x{F') + 'ihnt + kur < 1- 

In fact interior nodes are codimension two phenomena, and boundary nodes are 
codimension one phenomena. Next, if F^ ^ 0, then the stabiUty of the Riemaim 
surface implies that 

(6.1.5) -x(i^^) + 2A;i + A;2 > 2. 

Equations (6.1.4) and (6.1.5) together imply that md{u2i) < —1. Hence we have 
md{vj) < —1 for some Vj, which is a contradiction of Lemma 6.1.6 for a regular 
J+. The contradiction came from assuming that / 0- D 

We now finish the proof of Theorem 6.1.3. 

Proof of Theorem 6.1.3. The proof is based on a classification of the types of al- 
lowable buildings Uoo = V-b U • • • U U u^o- We consider the situation of 
Iw+ (ui) = 1, leaving the easier Iw+ (ui) =0 case to the reader. 

By Lemmas 6.1.5 and 6.1.7, the limit Uoo consists of a building of degree 2g 
multisections Vj. Moreover, by Lemma 6.1.6, Iwj (vj) > for all j. The additivity 
of ECH indices gives three possibilities for the Umit: 
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(1) Woo = vq, where vq is a multisection of W+ and Iw+{vo) = 1; 

(2) Uoo = voLivi, where vo is a multisection of W+ with /w^+(^^o) = 0, and 
vi is a multisection of W with Ihf{vi) = 1; 

(3) Uoo = v-b U • • • U t'Oj where . . . , f _i are multisections of W', vq 
is a multisection of W+, all but one of v-b, ■ ■ ■ ,vo have / = 0, and the 
remaining level has 1 = 1. 

What is left to prove is that lECH{v-h) = 1 in Case (3). This follows from 
considerations of incoming partitions as in [HTl, Proof of Lemma 7.23]. Let 
be the multiplicity of the elliptic orbit 7^ in the orbit set 7 and let Ok be the rotation 
of the first return map of By [HTl, Definition 1.8], there is partial order 
on the set of partitions of m^, where 

(ai,...,aij >e^ {bi,...,bi^) 

if there is a Fredholm index zero branched cover of M x 7^^ with positive ends 
which partition into (ai, . . . , J and negative ends which partition ruk into 
(61, . . . , 6^2). By [HTl, Lemma 7.5], the incoming partition P°^^{mk) — the par- 
tition which corresponds to 7™'' for — is maximal. Hence lECH{v-b) = 
implies that V-b is a trivial cylinder, which we have already eliminated. □ 

6.2. Definition of Suppose J+ G and J, J' are the restrictions of J+ to 
the positive and negative ends. In this subsection we define the chain map 

(6.2.1) : CF(5,a,/i(a), J) ^ PFC2g{N,J'). 

We will usually suppress J, J', and J+ from the notation. 
We first define an approximation of 

Definition 6.2.1. Let CF'{S, a, h{a)) be the chain complex generated by 5a,/i(a)» 
before quotienting by the equivalence relation ~ given in Section 4.9.3. We define 
the map 

: CF'(5,a,/i(a)) ^ PFC2g{N), 

where ($'(y),7) is the mod 2 count of Mj^^{y,j). The count is meaningful 
since A^j^°(y, 7) is compact by Theorem 6.1.3. 

Proposition 6.2.2. The map 

: aF'(5,a,/i(a)) ^ PFC2g{N), 

is a chain map. 
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Proof. By Theorem 6.1.3 and Lemma 5.4.7, j^^(y, 7) = A U i?, where 
^ = II {{M'j=\y,y')m X >tS:°(y',7)) , 

^= U (M:°(y',7')x(M='(7',7)/K)). 

Here we have omitted the potential contributions of connector components for sim- 
plicity. 

We examine the corresponding gluings of the holomorphic buildings. The first 
gluing is that of {vi^vq) € A. This type of gluing was treated by Lipshitz; see 
Propositions A.l and A.2 in [Li, Appendix A]. Observe that there are no multiply- 
covered curves to glue, since each Reeb chord of a 2g-tuple is used exactly once. 

The second type of gluing is that of {vq,v_}^) G B, with Iech = connec- 
tors V-\, . . . ,^-6+1 in between. The curve vq is simply-covered since it has an 
HF end and the curve is simply-covered since Iech = 1 (see [HTl, Propo- 
sition 7.15]). This type of gluing was treated carefully in [HTl, HT2]. Although 
the setting there was the gluing for d"^ = 0, in fact most of the work goes towards 
properly counting Iech = connectors, i.e., branched covers of trivial cylinders. 
Their treatment of gluing/counting the Iech = coimectors carries over with 
little modification to our case. See Section 6.5 for more details. □ 

Let 6x = ([0, 2] X {x})/(2, x) ~ (0, x), where x G dS; it is a Reeb orbit in 
the negative Morse-Bott family J\f which foliates dN. Also let (M x Sx)'^ be the 
restriction of M x (J^: to 

Lemma 6.2.3. A W-^-curve u which has Xj or x'- at the positive end must have 

(M X 5xi)^ or (M X 5x')^ as an irreducible component. 

Recall that x^, x[ are components of the Heegaard Floer contact class of i(^s,h)- 

Proof. Let v : F ^ VF+ be the irreducible component of u which has Xi at the 
positive end. The component v may a priori have other positive ends besides Xj. 
We will show that u = (M x Sxi)^. Let ns : {s > 3} nW+ ^ S he defined by 
identifying {s > 3} n W+ = [3, 00) x [0, 1] x S and projecting to the third factor. 
The composition tt^ o t; is holomorphic. 

Let (r, 9) be polar coordinates on a small neighborhood N{xi) C of Xj so 
that h{ai) = {9 = -f }, ai = {9 = 0}, and N{xi) = {-f < 6* < f ,r > 0}. If 
V is not the restriction of a trivial cylinder, then tts o v must map a neighborhood 
of the puncture of F corresponding to xi to a sector {0 < 9 < k-K — j,r > 0} 
or {tt < 9 < {k + l)7r — j,r > 0}, where k > 1. Since such a sector cannot be 
contained in S, the map tts o v\s>c must map identically to Xi, where C S> 0. By 
the unique continuation property, v = {M. x Sxi)'^ . □ 

Theorem 6.2.4. The map descends to a chain map 

$ : aP(S,a,/i(a)) ^ PFC2g{N) 
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which maps the Heegaard Floer contact invariant for ^(s,h) the ECH contact 
invariant for ^(^s,hy 

Proof. Let y = {yi, . . . ,y2g} € «5a,/i(a)- Assume without loss of generality that 
7/1 = xi. Then y is equivalent to y' = {x[,y2, . • • , y2g}- Let u be an 1^+ = 
Morse-Bott building from y to a generator 7 of PFC2g{N). Then (M x Sx^)^ is 
an irreducible component of u by Lemma 6.2.3 and 7 can be written as 67', where 
e is the elliptic orbit of the negative Morse-Bott family J\f. Now, by replacing 
(M X by (R X S.j.i^)'^ and the augmenting gradient trajectory from to e 

by the augmenting trajectory from 5.j.i^ to e, we obtain an = Morse-Bott 
building from y' to 7 = 67'. Hence there is a one-to-one correspondence between 
W+-curves from y to 7 and VF+-curves from y' to 7. Since $'(y) = *^'{y'), the 
map descends to CF{S, a, h{sL)). 

The Heegaard Floer contact invariant is given by the equivalence class of x = 
{xi, . . . , X2g} and the ECH contact invariant is given by e^^. By Lemma 6.2.3, the 
only = Morse-Bott building from x consists of {M. x dxj'^ , i = I, ■ ■ ■ ,2g, 
augmented by connecting gradient trajectories from S^^ to e in the Morse-Bott 
family J\f. Hence <l>'(x) = e^^. Then <I> maps the equivalence class of x to e^'J. □ 

6.3. Spin'^-structures. Let Sg^ h{a) be the set of 2(/-tuples of a n /i(a) and let 
5a,/i(a) = «5a,ft(a)/ ~, where {xi} U y' ~ {x^} U y' for all {2g - l)-tuples y'. 
We define a map 

i)'+:S^,hia)^Hi{W+,dhW+) 
as follows: Given y = {yi, . . . , y2g} G 5a,/i(a), where y^ € n h{a„(^i)) for some 
permutation &2g, we define {)+(y) as the homology class of the broken closed 
string obtained by concatenating the following oriented arcs: 

• for each i G {1, . . . , 2g}, the arc {3} x [0, 1] x {yi}, with orientation given 
by 5t; 

• for each i G {1, • • • , 'Ig}, an arc from {3} x {1} x {y^} to {3} x {0} x 
{y<7-i CO } contained in L+. 

The homology class f)'_j_(y) is well-defined since the Lagrangians L+ are simply- 
coimected. 

The map f)^ descends to a map 

since the components Xi and x[ of the contact class are both converted into broken 
closed strings which are nuUhomologous in Hi{Wj^, d^Wj^). 

The following lemma is an immediate consequence of the definition of W+- 
curves. 

Lemma 6.3.1. Let 7 be an orbit set at the negative end of with total homology 
class [7] G Hi{W+,dhW+). Then A^j_,_(y, 7) 7^ implies that f)+(y) = [7]. 

There are natural isomorphisms 

Hi{W+,dhW+) ^ Hi{N,dN) ^ Hi{M). 
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With respect to these isomorphisms, the total homology class in Hl{W+,^hW-^-) 
of an orbit set 7 at the negative end of W+ corresponds to the usual total homology 
class of 7 in Hi{M). Moreover, f)+(y) = i){y), where t) is as defined in Section 
4.10. 

Combining Proposition 4.10.1 and Lemma 6.3.1, we obtain the following theo- 
rem: 

Theorem 6.3.2. The chain map $ respects the splitting according to Spin'^-J^rac- 
tures, i.e., $ is the direct sum of maps 

$A : CF{S,s.,h{a),s^ + PD{A)) ^ PFC2g{N,A). 

6.4. Twisted coefficients. Let PFH og {N, A) be the twisted coefficient version 
of PFH2g{N, A), defined as in Section 2.4. For any homology class A e Hi{M) 
we can define a map 

^A-QE.(.S,ai,h{ai),5^ + PD{A)) PFC o^(N, A) 

given in the following paragraphs. Choose a 25r-tuple of intersection points yo 
such that Sz(yo) = + PD{A) and a complete set of paths {Cy} for + PD{A) 
based at yo- 

Let ttn : VF+ — > be the restriction of the projection Rx N ^ N, {s,x) i-> x, 
and let r c A?^ be the projection by ttjv of a broken closed string associated to yo. 
By Lemma 6.3.1, [T] = A. We choose a complete set of paths {Cj} for A based 

atr. 

The projection ttn associates a well-defined homology class in H2(N) = H2{M) 
to any 2-chain in W+ whose boundary consists of a broken closed string corre- 
sponding to yo on one side and V on the other side. Then we can define maps 

for all y such that s^iyo) = + PD{A) and 7 such that [7] = ^ by 21+ (C) = 

(7rAr)*[C^ UCU -Cy]. 

Definition 6.4.1. We define the ¥[H2{M- Z)]-hnear map 

■■ QliS,a, h{a),s^ + PD{A)) ^ PFC2giN, A) 

by 

^eOag CGH2{W+,y,'y) 

Theorem 6.4.2. The map is a chain map. 

Proof. The proof is the same as that of Theorem 6.2.4, plus some bookkeeping of 
the homology classes of the holomorphic maps involved. □ 

6.5. Gluing. We explain here how to glue the pair {vq, v-i) consisting of a W+- 
curve vo with /(fo) = and an ECH curve v-i with /(f-i) = 1, by insert- 
ing branched covers of trivial cylinders. The procedure of gluing two Iech = 1 
curves, as explained in Hutchings-Taubes [HTl, HT2], applies with very little mod- 
ification. 
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6.5.1. Close to breaking. We first make precise what we mean by a holomorphic 
curve which is "close to breaking". We treat W', leaving the analogous definitions 

for W, W+, and W- to the reader. 

Choose an s-invariant Riemannian metric g on W'. 

Definition 6.5.1. Given K,iy > 0, two curves Ui : {Fi,ji) W', i = 1,2, are 
{k, v)-close if there exists a (1 + i/)-quasiconformal homeomorpliism (p : Fi ^ F2 
with respect to {j\ , j2) such that 

sup \ui{x) — U2O (f){x)\ < K, 

where the distance | • | is measured with respect to g. 

The following is similar to [HTl, Definition 1.10], although the phrasing is 
slightly different. 

Definition 6.5.2. Let k > and u > 0. A curve u in W' is {k, v)-close to an 
(a+6+l)-level building Uoo = -w-bU- • -Uva if there exist , . . . , i?(2a) > i 

such that, after a suitable translation of it in the s-direction which we still call u, 
each of the pairs below is (k, i/)-close: 

• ^^|-i?(o)<s<R(i) andt;o|_j^(o)<5<R(i); 

• ^Ir(i)<s<r(i)+r(2) ™d the restriction of a collection of branched covers of 
trivial cyUnders to R^^^ <s< + i?^^); 

• ^lR(i)+_R(2)<s<i?(i)+2R(2)+j?(3) and an s s + R^^^ + 2i?(^) translate of 

• ^^li?(i)+2R(2)+J?(3)<s<i?(i)+2ij(2)+R(3)+i?{4) and the restriction of a collec- 
tion of branched covers of trivial cylinders to R^^^ + 2i?(^) + R^^^ < s < 

i?(l)+2i?(2)+i?(3)+i?(4). 

and so on. 

Note that, in the case of u in W-^. or we do not need to (and indeed we 
cannot) translate u in the s-direction. 

6.5.2. Review of [HTl, HTl]. We now summarize the Hutchings-Taubes proof of 
= and discuss the small changes that need to be carried out. 

Let (y, ^ = ker A) be a closed 3-manifold with a nondegenerate contact form A 
and corresponding Reeb vector field R = Rx- Let (M x Y, d(e/X)) be the symplec- 
tization of Y, where s denotes the M-coordinate, and let J be an adapted almost 
complex structure on M x y. 

Let a = («!, . . . , Ok) and f3 = (J3i, . . . , be ordered sets of Reeb orbits of 
R. Here the Reeb orbits may not be embedded and may also be repeated. Then let 
Mj{a, (5) be the moduli space of finite energy J-holomorphic curves in (M x y, J) 
from a to /3. Let {71 , 72 , . . . } be the list of simple orbits of R. For each simple 
orbit 7j, we tally the total multiplicity mi{a) of 7^ in a. In this way we can assign 
an orbit set 7(a) = ^y"^^^"'^ to a. 

We want to glue the pair {u-^,U-), where it+ € M.j"^{a+, and u- € 
Mj=^{P-,a^), provided 7(^4.) = 7(/3_). Since I{u+) = I{u-) = 1, the 



76 



VINCENT COLIN, PAOLO GfflGGINI, AND KO HONDA 



curves m+ and u- satisfy the partition condition at /?_|_ and /3_ for a generic J 
(cf. Definition 7.11 and Proposition 7.14 of [HTl]). In particular, for each sim- 
ple orbit 7i, the total multiplicity = mj(/3_) completely determines the 
number of ends of it+ or u- going to a cover of ji, together with their individ- 
ual multiplicities. For (resp. U-), this is encoded by the incoming partition 
(resp. outgoing partition) and is denoted by P^°(mj (/?+)) (resp. P°."*(mj (/?_))). 
If P^°(mj(/3+)) = (oi, . . . , a,.), then u+ has r ends which go to a cover of 7j with 
covering multiplicities ai, . . . , a^.. 

Since P^^(mi(/9+)) P°."*(mi (/?_)) in general, we need to insert branched 
covers of cylinders M x 7^ in order to be able to glue ti+ to U- . Such a branched 
cover TT : S — M X 5"^ must have /3_|_ at the positive end and /?_ at the negative end. 
A Fredholm index count ([HTl, Lemma 1.7]) implies that S must have genus zero; 
moreover, the partition condition is equivalent to saying that the Fredholm index of 
the composition {id, 7j)o7r:E^']Rxyis zero, where (id, 7^) : M x S'-'- — )■ R x F 
is the holomorphic map for the trivial cylinder M x 7^. 

We now give the steps of the Hutchings-Taubes gluing construction. For sim- 
plicity, we assume that 7(/3+) = 7(/3-) = 7™^ and 71 is elliptic. 

Step 1: Form a preglued curve (cf. [HT2, Section 5.2]). This is done as follows: 

(1) Choose gluing constants < /i < 1 and r ^ 1/h. 

(2) Let A4 be the moduli space of connected, genus zero branched covers vr : 
S — > M x 5^ which have positive and negative ends determined by P™(mi) and 
P°j^*(mi). With r, h fixed, choose the "gluing parameters" which consist of tt G 
M. and real numbers T+,T- > 5r. 

(3) Given tt : S M x let b C R x be the set of branch points of n. Then 

let s+ = max;,g(, s{b) + 1 and s_ = min^gj, s{b) — 1. Let E' be the restriction of 
T,to s- -T_ < s < S+ + r+. The components of S' n {s+ < s < s+ + T+j are 
cylinders of "height" T+. 

(4) Fix K > sufficiently small. We choose a representative in G 
M.J^^{a-^-,P-^.)/M. such that each component of u+|s<o is {k, 0)-close to a cylin- 
der over some multiple cover of 71; here the multiplicities are given by 
Similarly, choose U- so that each component of U- \s>o is {k, 0)-close to a cylinder 
over some multiple cover of 71. 

(5) Let u+T be the (s+ + r+)-translate of ti+ in the M-direction and let u'_^j, be the 
restriction of u+t to s > s+ + Similarly, let u-t be the (s_ — T_)-translate 
of u- in the R-direction and let u'_j, be the restriction of u_t to s < s_ — r_. 

(6) The domain C* of the preglued curve is C^j. U S' U C'_j,, where C'_^j, are 
domains for u'^j,, modulo the identifications along their boundary components. 
(To do this correctly, we need asymptotic markers at the ends.) The preglued map 
n* is defined explicitly (see [HT2, Equations (5.5) and (5.6)]) via a cutoff function 
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which allows us to interpolate between u±t and S in the regions s+ < s < s++r+ 
and s_ — T_ < s < s_. This cutoff function involves the constants h and r. 

5?ep 2; Deform the preglued curve (cf. [HT2, Section 5.3]). We choose "exponen- 
tial maps" e_, e, e+ which are obtained by flowing in the directions "normal" to 
tt_, ue, ii+ in M X Y. (Here uy, is the composition of vr with M x 5^ — )■ M x y as 
a trivial cylinder) The exponential maps can be glued to give the exponential map 
e* which maps to a small tubular neighborhood of -u* in M x Y. Also choose the 
cutoff function /^^ : ^ [0, 1]^*^ which equals 1 on C^^' interpolates between 
and 1 on the cylinders < s < s+ + r+ in E' and equals elsewhere. Similarly 
define /3s and /3_. 

Let V's, '0-) be triple, where V'± is a section of the normal bundle of u±t 
and ipY. is a function E — > C. The deformation of -u* with respect to (-0+, ^s, V'-) 
is a map C* — M x y given by 

5^/7 J.' We now consider the equation for the deformation to be J-holomorphic. 
This equation has the form: 

(6.5.1) ^_G_(V'-,V'E) + ^ses(V'-,^s,V'+) + ^+©+(V'E,V'+) = 0. 

See Equations (5.11), (5.12) and (5.13) of [HT2] for explicit expressions of 0_, 
0+ and 0s. 

The strategy is to solve three equations separately: 

(6.5.2) e_('0-,^s) = O onall of n_T; 

(6.5.3) 9+(^s,V'+) = onallofti+r; 

(6.5.4) es(V'-,V's,^/'+) = onallofS. 

In [HT2, Proposition 5.6] it is shown that for sufficiently small ipY, (in a suit- 
able Banach space) there exist maps V'± such that ip± = ip±{ipj:) solves Equa- 
tions (6.5.2) and (6.5.3). 

We can then view Equation (6.5.4) as an equation in the variable V's on all of S: 

(6.5.5) es(V'-(V's),^s,V'+(V's)) = 0. 

We then decompose Equation (6.5.5) into two equations (cf. Equations (5.37) and 
(5.38) in [HT2]): 

(6.5.6) L>sV'E + (l-n)J^s(V's) = 0, 

(6.5.7) nj^s(V'E) = 

See [HT2, Section 5.7] for the description of the terms. Equation (6.5.6) has a 
unique solution by [HT2, Proposition 5.7]. Hence the problem reduces to solving 
Equation (6.5.7). 

^''Xhe notation in [HT2] is /?+. Here write /3+ to distinguish it from the sets of orbits in Sec- 
tion 6.5.2. 
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This is shown to be equivalent to finding the zeros of a section of the associated 
obstruction bundle, defined in [HTl, Section 2]. Briefly, the obstruction bundle 
O ->■ [5r, oo)^ X M has fiber 

C(T+,T_,s) = Hom(Coker(L>s),M), 

where D-£ is a Unearized 9-type operator on S (see [HTl, Section 2.3]), and the 
section s : [5r, oo)^ x ^ O is given by: 

5(T+,r_,S)(a) = (a,J-s(Vs)), 

where a G Coker(Ds) and V's is the solution to Equation (6.5.6) corresponding 
to the gluing parameters (r+, r_, S). 

Step 4: Let Qk,l'{u+,U-) be the set of J-holomorphic maps which are (k, u)-c\ose 
to breaking into {u^,u^) (see [HT2, Section 7.1]) and X&tU^^y C [5r, oo)^ x be 
the set of (r+, r_, S) such that the corresponding pre-glued curve «*(T+, T_, S) 
(as given in Step 1) is (k, z^)-close to breaking. 

It remains to show that Qk.u{u+,u-) is homeomorphic to s~^(0) n 14,^^1, for 
r > sufficiently large and k, v sufficiently small. This is the content of [HT2, 
Theorem 7.3]. 

Step 5: We then deform the section s to a linearized section Sq with the same count 
of zeros. Here So only depends on S and the Unearized 5-operator Ds (which in 
turn depends on a neighborhood of 71), but not on the actual choices of it_|_ and 
U-. The key point to check is that, during the deformation {5t)te[o,i] fro^n Si = s 
to 5o, the zeros of St do not cross the boundary {T+ = 5r} U {T_ = 5r} of the 
moduU space [5r, 00)^ x Ad. This is guaranteed by [HT2, Proposition 8.2]. The 
combinatorial formula for the algebraic count of zeros is given by [HTl, Theorem 
1.13]. 

6.5.3. The <^-map. We now turn to gluing the pair {vq,v-i), where vq is a Wj^- 
curve with I{vq) = and V-i is an ECH curve with /(f-i) = 1. Suppose the 
negative end of vq is given by the positive end of v-i is given by and 
7(/3+) = 7(/9-) = 7^^. In our case, there are a few things to check: 

(1) The curves vq and v-\ must satisfy the partition conditions at their negative and 
positive ends, respectively. This is a consequence of the ECH index inequality, i.e.. 
Theorem 5.6.9. 

(2) Since the W+ -curve vq is not s-translation invariant, we pick sq so that each 
component of fo|s<so is ('t; 0)-close to a cylinder over some multiple cover of 71. 
(We may still assume that v-\ satisfies the condition that 'u_i|s>o is (k, 0)-close to 
a cylinder.) Given the gluing parameters (r+, T_, S), we take 

• E' shifted by sq - (s+ + r+); and 

• v-i\s<o shifted by (s_ - T_) + sq - (s+ + T+); 

and preglue. 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 



79 



(3) [HT2, Proposition 5.6] allows us to solve Equations (6.5.2) and (6.5.3) in terms 
of ^s- The inputs for [HT2, Proposition 5.6] are [HT2, Lemmas 5.3 and 5.4], 
which are consequences of the fact that the linearized 5-operators corresponding to 
vo and v-i are Fredholm and surjective; this also holds in our case with Lagrangian 
boundary conditions. Hence Step 3 extends easily to our setting. 

The remaining steps carry over with very little change. 

6.6. The variant <I>. In this subsection we define a complex CF{S, a, /i(a)) which 
is closely related to CF{S, a, /i(a)) and a variant 

$ : CF{S, a, h{a)) PFC2g{N) 
of This will be useful in the proof of Theorem II.3.3.1. 

6.6.1. The chain complex CF{S,a.,h{aL)). Let J G i7™^- We recall some no- 
tation introduced in Subsection 4.9.3: Let I C {1, . . . ,2g} be a subset, X"^ its 
complement, and ©jc the group of permutations of I"^. 

Definition 6.6.1. We define the chain complex {CF(S, a, /i(a), J),d) generated 
by the 25-tuples {zoo,i}iei U y', where X C {1, . . . , 2g}, y' = {y^jjgic, and the 
following hold: 

• Zoo.i is viewed as an intersection point of aj and h{ai) and 

• y • G Oj n /i(ao-(j)) for some a e ©jc 

The differential d counts 1 = 1 multisections u in W with n{u) < 1, which 
satisfy one extra condition, i.e., if we write u = 1^ Liu" (according to the notation 
introduced in Section 5.7.2), then u' has empty branch locus. The homology of 
(CF{S, a, h{a)), d) is denoted by HF{S, a, h{a)). 

In the differential d, with the exception of trivial strips, we are counting the 
following curves: 

(1) thin strips from z^^i to either Xi or x[; and 

(2) 1 = 1 curves whose projections to S have image in S. 

Proposition 6.6.2. There is an isomorphism of chain complexes: 

K : {CF{E,l3,a,z),d) ^ iCF{S,a,h{a)),d), 

{xi}iex U y' iH- {zoo,i}iex U y', 
where (S, j3, a, z) is as given in Section 4.9.1. 

□ 

Recall from Section 4.9.3 that 

{CF{S, a, h{a)), d') = {CF'{S, a, h{a)), d')/ ~ 

is the £'^-term of the spectral sequence for (CF(E, (5, a, z),d) (viewed as a dou- 
ble complex) in Theorem 4.9.4. (Here we are writing d' for the differential of 
CF{S, a, h{a)) to distinguish it from the differential d of CF(S, 13, a, z).) 
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In this paragraph y and y[ denote linear combinations of 2g'-tuples. By tracing 
the zigzags in the double complex we obtain the isomorphism 

V : HF{S, a, ^(a)) ^ HF{T., P, a, z), 

which is defined as follows: Lety G C'F'(S', a, /i(a)) be a cycle in C'F(S', a, h{a.)), 

d'y = ^{{x,}Uy', + {x'^Uy'^. 

i 

Then v maps the equivalence class [y] to the equivalence class of 

y + I]K}uy-+ h.o., 

i 

where "h.o." means terms with more x'- components. Composing with the map 
induced by k in homology, we obtain an isomorphism 

i) = K^ou: HF{S, a, /i(a)) ^ HF{S, a, /i(a)). 

6.6.2. The map 

Definition 6.6.3. Let J+ G 'j^^^ which restricts to J G J^^^ above. We define 
the map i as follows: 

(5({^oo,0iGiUy'),7) = #A<jf'"*-'^'({^oo,iWUy',7). 

In our analysis of ^ we will use balanced coordinates (cf. Section 5.1.2) for 

iV - int{N) = D"^ X (M/2Z). The Morse-Bott family Af can be identified with 
dD^ and we write 7,^ for the orbit in J\f corresponding to e**^. So far in this paper 
h e Af was an arbitrary point. 

Convention 6.6.4. From now on we speciahze h so that h = 7^^ is generic and 
0/i is close to —7^, where m is as defined in Section 5.2.2. In particular, the radial 

ray corresponding to (ph does not lie on the thin wedges from ai to h{ai) for all i. 
There are no restrictions on the orbit e except that e ^ h. 

Lemma 6.6.5. $({-Zoo,i}iei U y') = ifX ^ 0. 
Proof. Let us fix {zoo,i}iei U y' with |X| > 1 and write 

M°(7) := M7=°'"*-'^'({^oo,^WUy',7). 

We claim that MPi^) = 0. Arguing by contradiction, suppose there exists 

u G M.^{'~i). Since n*{u) < there is a decomposition u = u" U u'", where 
I(u") = I(u"') = 0, u" has image in — int{Wj^), and u'" has image in 
Then u" is a curve from to h since I{u") = 0. The proof of the nonexistence 
oiu" is^modeled on the proof of [CGHl, Lemma 10.2.2]. By [Wei, Section 4.2], 

W y. {N — N — 5q) is, foHated by finite energy cylinders ^so,^o' (^0, (t>Q) G M x 
(M/27rZ), from 5q to 7^(, such that: 

• the image of ^so,0o under the projection nj^ : M x — > is the open 
aimulus = < /3 < 1}; 
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• Zso+sucPo is si-translate of ^so.^o- 
We then set Z^^ = Zg^tj, n W+ and examine the intersections Z'^^ n u". Observe 
that K = 'Kjj{Z'^^) n Tijjiu") 7^ for a suitable choice of ^ which is close to but 
not equal to (ph, this is possible by the positioning of h given by Convention 6.6.4. 
Hence (j,'^^" ^ for some sq. On the other hand, since K is compact, 
■^to+si <j>^^" ~ ^ f^'' ^ sufficiently large si. Finally, since Z^^ and u" have no 
boundary intersections and no intersections near their ends for all s G M, we have 
a contradiction. □ 

Theorem 6.6.6. $ is a chain map. 

Proof. Since $ is a chain map by Theorem 6.2.4, it suffices to verify that 

dpFH o ^{{zooAieX U y') = $ o di{zoo,ih U y' )• 

On the one hand, ^{{zoo,i}i U y') = by Lemma 6.6.5. On the other hand, if 
\I\ = 1, then 

$ o d{{zoo,n} U y') = H{xi,} U y' + {x',J U y') = 0; 

andif |X| > 1, then each term of 5({2;oo,i}igxUy') contains some copy of Zoo, and 
$ maps the term to zero by Lemma 6.6.5. This proves the theorem. □ 

A corollary of Lemma 6.6.5 is the following: 

Corollary 6.6.7. ^ = ^ o kou onthe level of homology. 

7. The chain map from PFH to HF 

7.1. Definition of Fix the integer m » which appears in the definition of the 

monodromy map h = h„i from Section 5.1.2. The condition m » will be useful 
when applying limiting arguments in Sections 7.9 and 7.11. 

Suppose J- G 'j^l^ , J' and J are restrictions of J_ to the positive and negative 

ends, and is iiTp 25-regular with respect to m = ((0, |), Zoo)- We assume that 

the constants e, 5 > that go into the definition of J_ (cf. Section 5.8.4) are 
arbitrarily small. 

Definition 7.1.1 (Definitions of and ^'). 
(1) We define the map 

^' = ^'-o_{m,m) : PFC2g{N) ^ CF'{S,a,h{a)) 

7^ 1] (*'(7),y)-y, 

ye'Sa,h(a) 

where (*'(7), y) is the mod 2 count of A^{.^^'"*"'"(7, y; m). 
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(2) We define tlie map ^' = ^-jo (m, m) as tiie composition 

PFC2g{N) % CF'{S,a,h{a)) A CF{S,a,h{a)), 
where q is the quotient map of chain complexes. 
The count (^^'(7), y) is meaningful because of the following theorem: 
Theorem 7.1.2. A1^7^'"'*""'(7, y; m) is compact. 

Proof. This follows from Theorems 7.7.3 and 7.11.1(i) and Corollary 7.12.1. □ 

Let d'jjp be the differential for CF'{S, a, h{a)) and let dppH be the differential 
for PFC2g{N). If y' is a (25-l)-tuple of chords from h{a) to a such that {xijUy' 
(and also {x^} U y') is in «Sa,fe(a)> then we define 

(7.1.1) diiUoo} U y') = {xi} U y' + {x'^} U y', 

where z^o = Zoo,i. 

The proof of the following theorem will occupy the rest of Section 7. 

Theorem 7.1.3. Ifm » 0, then 

(7. 1 .2) o + ^r' o dpFH = o *o o LT^-i . 

The maps 11^-1 and ^'o are defined as follows: Let 7 G and 7' G 02g-p, 
p = 1, . . . ,2g. Then 

(?™-,(7),«7'>={^: ;;;;;;; 

where A is the count of / = 2 multisections u of 1^' from 7 to (^07' which satisfy 
n*{u) = m — 1 and a certain asymptotic condition near So (the precise definition 
will be given in Section 7.8.3), and 

(*o(W),{^^}uy') = { 0; If^j}; 

where i? is the count of degree 2g — 1, 1 = almost multisections u of W- from 
7' to y' which satisfy n* (u) = 0, together with the section at infinity from Sq 
to Zoo. 

The subscripts in Um-i, and di indicate that we are counting curves u 
satisfying n*{u) = m — 1, 0, and 1. 

Assuming Theorem 7. 1.3 for the moment, we have the following: 

Corollary 7.1.4. The map is a chain map. 

Proof. Similar to the proof of Theorem 6.2.4 and based on Equation (7. 1.2). There 
is one major difference: is not a chain map. However, since 

{xi}Uy' + {x'i}Uy' ekeiq, 

by composing Equation (7.1.2) with q we obtain: 

(7.1.3) dnpo'^ + ^ odpFH = 0, 
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where duF is the differential for CF{S, a, h{a.)). □ 

We can also define a map 
(7.1.4) :^-PFH2g{N)^QF{S,a,h{si)) 

which is F[i?2 (M; Z)]-linear. As for $ in Section 6.4, the key point is the definition 
of maps 

2l_ : ^(Tr_, 7, y)-^ i?2(M). 
The main difference is that H2{W-) ^ H2(N) = H2{M) (5). Hence we define 
21- (C) = p((vr;^)*[Cy U C U — C^]), where ttjj is the projection VF_ N and 
p : H2 (N) H2 (M) is the projection given by p = Id - {Sq, ■) [S] . 

7.2. Outline of proof of Theorem 7.1.3. In this subsection we outline the proof 
of Theorem 7.1.3. 

Let J_ G 'j^-^, with restrictions J' and J to the positive and negative ends, and 

let be iirp,2<5 -regular with respect to rn. Suppose that the constants e,6 > that 

go into the definition of J_ are arbitrarily small. 
We abbreviate: 

:= A^^T'^'^^lT.y), -M^ := -M^r"*='"(7,y;m). 

Let be the SFT compactification of and let dM^ = M^^ - A^lf. 

Step 1. By the SFT compactness theorem (Proposition 7.3.1), a sequence Ui G 
M.^ admits a subsequence which converges to a holomorphic building 

Uoo = V-b U ■■■UVa, 

where IJj is a holomorphic map to Wj = M x for j > 0, Wq = W- for j = 0, 
and Wj = W for j < 0, and the levels W-b, . . . , Wa are arranged in order from 
lowest to highest. As before, we write vj = v'j U TJ", where v'j branch covers the 
section at infinity and Vj is the union of irreducible components which do not 
branch cover a^. Here * = 0, or — . 

There are two cases: v'q = or v'q 0. The latter case is harder, and will 
be treated first. By analyzing the two constraints n~{ui) = m and = 3, 

we obtain Theorem 7.7.1, which gives a preliminary list of possibilities for Uqo 
when v'q ^ 0. Many of the possibilities in Theorem 7.7.1 actually do not occur. 
Theorem 7.11.1 eliminates Cases (2)-(6) from the list. This is done by a finer 
analysis of the behavior of Ui in the vicinity of the component and is similar in 
spirit to the layer structures of lonel-Parker [IPl, Section 7]. 

Summarizing, we have: 

Lemma 7.2.1. Ifuoo G dM^ and Uq / 0, then G Ai, where 
Ai= n (Mlr^'-*=--\^, So^) X M'=''-'=\6o^', {.00} U y') 

5o7',{-2oo}Uy' ^ 

x(AlJ=i'"*=i({zoo}Uy',y)/M)), 
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ify = {xi} X y' or {a;^} x y' and Ai = otherwise. Here we have omitted the 
potential contributions of connector components for simplicity. 

Here the only remaining Case (1) in Theorem 7.7.1 corresponds to A^. 

Step 2. We now glue the triples {vi,vq,v-i) in Ai, subject to the constraint m. 
This gluing accounts for the term d\ o^qo Um-i and is a bit involved. Let us 
abbreviate 

A^o := A^^f'"*=°(5o7',{^oo}Uy'); 

:=A^^=''"*='({zoo}Uy',y), 

where y = {xi} U y" or {a;-} U y". Here fs„ is a nonzero normalized asymptotic 
eigenf unction of 6q at the negative end which, used as a modifier, stands for "the 
normalized asymptotic eigenfunction at the negative end 5q is /^g." See Section 7.8 
for more details on asymptotic eigenfunctions. 

We first observe that Uq = VqUvq G M.q is regular: v'^ is regular by Lemma 5.8.9 

and is regular since J_ G j'^ and J_ is (e,J7) -close to J_. The moduli 
spaces A^i and A^_i are also regular since J_ is regular. Hence we can glue 
triples ([Ui],uo, [v-i]) in (7Wi/M) x A^o x (A^-i/K). More precisely, consider 
the gluing parameter space 

(7.2.1) V:= U V5oT',{.oo}Uy', 

<5o7',{2oo}Uy' 

where 

(7.2.2) *P5o7',{^oo}uy' = (5r, oo)^ x (A^i/M) x A^o x (A1-i/M), 

< /i < 1 and r » are gluing constants, and A^i, A^Q) A^-i correspond to 
the pair ((5o7', {^oo} U y'). We may assume that all the multiplicities of 7' are 1, 
since the Hutchings-Taubes gluing of branched covers is essentially independent 
of the present gluing problem. 

Next we introduce the extended moduli space 

where y = {xi} U y" or {x\} U y". Here the modifier ext means that u : {F, j) 
(W-, J_) is a multisection which maps all the connected components of dF but 
one to a different L^, and the last connected component to some LZ ^^ . 
There is a gluing map 

which is a diffeomorphism onto its image for r ^ 0. Here T± is shorthand for the 
pair T+,T^. The map G is defined in a manner similar to that of Section 6.5.2 and 
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is described in more detail in Section 7.13.3. Let ro ^ 0, let ^(ro) C ^ be the 
subset {T+ > ro} and let 

be the truncated moduli space. For generic ro ^ 0, 

5oA<J^'^°) :=G(5q}(,„))nM| 

is a transverse intersection. 

The following theorem is proved in Section 7.13: 

Theorem 7.2.2. For generic ro 3> 0, 
(7.2.3) 

#(5oMJ^''°^ n G{^So',',Muy')) = *{M[/R) ■ #7Wo • mod 2. 

Hence the contributions from Ai account for the term 9i o vJ/q o Um-i- 

Step 3. Let diM^^''''^ = dMi'''^°^ - doMi^''°\ The following lemma is proved 
in Section 7.12. 

Lemma 7.2.3. diM^^''°^ CA2U A3, where 

A2= n (-^^f '"*="*(7,y";m) X (A1^=^'"*=°(y",y)/M) 

Here we have omitted the potential contributions of connector components for sim- 
plicity. 

On the other hand, gluing the pairs in A2 (resp. A^) using the Hutchings-Taubes 
gluing theorem implies that A2 U ^3 C diM^^'^''' and accounts for the term d'jjp o 
(resp. o dpFu)- This proves Theorem 7.1.3. 

Organization of Section 7. After some preliminaries (Sections 7.3 and 7.4), the 
signed intersection numbers n*{ji) are analyzed in Sections 7.5 and 7.6. Theo- 
rem 7.7.1 is then proved in Section 7.7. We then discuss asymptotic eigenfunc- 
tions in Section 7.8, rescaling in Section 7.9, and the "involution lemmas" in Sec- 
tion 7.10, on our way to proving Theorem 7.11.1 in Section 7.11. Lemma 7.2.3 is 
proved in Section 7.12. Finally, the gluing is discussed in Section 7.13. 

7.3. SFT compactness. 

Proposition 7.3.1. Let J_ G and let Ui : {Fi,ji) {W-,J-), i e N, be a 
sequence of W --curves from 7 to y. Then there is a subsequence which converges 
in the sense of SFT to a level a -|- 6 -|- 1 holomorphic building 

Uoo = V-b U---UVa, 
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where Vj is a holomorphic map to Wj = x N for j > 0, Wq = VF_ for 
j = 0, and Wj = W for j < 0, and the levels W-b, . . . , Wa are arranged in 
order from lowest to highest. The same also holds when {ui} is a sequence of 

{W-, J^_)-curves. 

Proof. The w-area bound for the W- case is similar to that of the Wj^ case. We 
take the difference of two -curves ui and U2 from 7 to y to obtain Z € 
H2{W-). Since they both intersect once, Z can be represented by a surface 
C W^, and hence can be viewed as a class in H2{N). The zero flux condition 
implies that the w-area of Z is zero. 

We then use the Gromov-Taubes compactness theorem as before to extract a 
subsequence Ui which converges in the sense of currents to a holomorphic building. 
After passing to a subsequence, we may assume that the homology class [ui] G 
H2(W-, is fixed for all i. Once the homology class [ui] is fixed, we use the 
relative adjunction formula in the same way as in Lemma 6.1.1 to obtain a bound 
on x{Fi). 

Finally, we use the SFT compactness theorem as in Proposition 6.1.2 to obtain 
a level a + 6 + 1 holomorphic building ; the proof carries over even though 
is a singular Lagrangian submanifold. (We still are left with the task of analyzing 
the limit more precisely.) □ 

7.4. Novelty of the case. For the next several subsections (Sections 7 
J_ G j7_ and Uoo = ^-6 U ■ ■ ■ U is the SFT limit of a sequence Ui 
{W-,J-) of W^_-curves from 7 to y. 

Remark 7.4.1. The same conclusions hold when {ui} is a sequence of (W 
curves, but we treat {W-, J_)-curves for simplicity. 

We assume that we have already passed to a subsequence so that the domain of 

Ui is independent of i. Let D"^ = {p < 1} C S with polar coordinates (p, cf)) and 
let Zoo = (0, 0), as in Section 5.1.2. 

The main novelty of the W- case, as opposed to the W+ case, is that there 
may exist a sequence of points Zi G dF such that Ui{zi) approaches the section at 
infinity as i — > 00. On the HF end, there is an extra Reeb chord [0, 1] x {zao} 
which connects any h{ak) to any a/. On the ECH end, there is an extra closed orbit 
So = {p = 0} C N. Notice that the only orbit in N — N which intersects S x {0} 
at most 2g times is Sq. Therefore the levels vj may be asymptotic to [0, 1] x {zoo} 
or 60 at the ends. 

By the SFT compactness argument from Proposition 6.1.2, the map vo ■ Fo ^ 
W- satisfies one of the following on a neighborhood of a boundary puncture p of 

(i) Uo takes the neighborhood of p to a trivial strip over a Reeb chord (this 
includes [0, 1] x {zoo})', 

(ii) p is a removable puncture and the extension vq : FqU {p} — > W- satisfies 
Mp) e LI ; or 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 



87 



(iii) p is a removable puncture and the extension vq : FqU {p} W- satisfies 
voip) eL^- LI. 

We will use the convention that vq takes each component of dF^ to a single LI^ ; 
hence removable punctures of type (ii) are eliminated. 

An analogous convention will be used for vj : Fj — )• W, j < 0, and a removable 
puncture of type (iii) in this case is: 

(iii') p is a removable puncture and the extension vj : Fj U {p} W satisfies 
Vj{p) eRx {0,1} X {zoo}. 

Definition 7.4.2. Let v be an irreducible component of Vj : Fj ^ W or Wj , 

j < 0, which does not branch cover cr^. Then a boundary puncture p of v is 
removable at if it is of type (iii). 

7.5. Intersection numbers. In order to analyze the SFT limit Uao, we use the 
intersection numbers n*(uj) and n*{vj) to constrain the behavior of holomorphic 
maps which are asymptotic to 5o or to [0, 1] x {zqo}- 

We briefly recall the definition of the intersection numbers n* {u) given in Sec- 
tion 5. Let po > be sufficiently small. Consider the torus Tp^^ = {p = po} C N , 
oriented as the boundary of {p < po}. We take an oriented identification Tp^ ~ 
M?/Z^ such that the meridian has slope and the closed orbits of Rq on Tp^ have 
slope m. We pick a closed orbit Sq C Tpg and consider the parallel sections (cr^)^ 
determined by Sq. We assume we have chosen 5q so that (crJo)^ is disjoint from the 
relevant Lagrangian submanifold. Then n*{u) = {u, (cjJo)^)- 

Since n~{ui) = m ^ 2g for an W --curve Ui, we have 

a 

(7.5.1) n*{vj) = m. 

j=-b 

Lemma 7.5.1 (Intersection with vj, j > 0). Suppose j > 0. Then the following 

hold for Po > sufficiently small: 

(1) IfVj has a positive end which converges to 5q, then 

(7.5.2) {E^M^)>p. 

(2) lfv"j has a negative end £- which converges to Sq, then 

(7.5.3) {S-,{a'^)'')>m-p. 

IfVj has multiple ends at covers of So, then their contributions to n'ivj) are 
summed. 

Proof. Let be a positive end which converges to . Let ttj^ : M x iV — )• A?^ be the 
projection onto the second factor. Provided po is sufficiently small, 7r;^(£'+) n Tp„ 
determines a homology class {q,p) G Hi{Tp^) ~ M^/Z^. One can easily check 
that 

(^+>(o"^x))^) = det((l,m),(g,p)) = p - qm. 
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Since (£■+, (o"^)^) > by the positivity of intersections in dimension four and 
m » p, we must have q <0. We then obtain: 

(5+,(0^)>p. 

Let £- be a negative end which converges to 6q. As above, ttj^{£-) Pi Tp^ 
determines a homology class (g, —p) G Hi{Tpg) ~ M^/Z^ such that 

{(^'oo)^) = det((l,m), (g, -p)) = -p - qm. 

Since (£"_, (fx^)^) > by the positivity of intersections in dimension four and 
m 2> J*, we must have q < —1. We then obtain: 

{£-,{^'oo)^)>m-p. 
Finally, if v" has multiple ends at covers of Sq, then the total intersection of v" 
with (o"^)^ is bounded below by the sum of the contributions of each end. □ 

Next we consider vj when j < 0. Let tt^ : M x [0, 1] x S* — >■ 5 be the projection 
along the Hamiltonian vector field dt. Also let be the radial ray {4> = (f>o} C 
= {p < e}, where e > is small. Under the projection tt^, each positive end 
<S+ oiVj which limits to [0, 1] x {zqo} maps to a sector &{£-{-) of = {p < e} 
going in the counterclockwise direction from R^^ C to R^p^ C h{ai^). The 
sector &{£+) is a thin wedge if ii = 12 and the angle is Similarly, each 
negative end £- ofv" which limits to [0, 1] x {z^o} maps to a sector &{£-) going 
counterclockwise from i?^^ C h^Ei^ ) to i?<^2 ^12 • 

Lemma 7.5.2 (Intersection with Vj, j < 0). Suppose j < 0. Ti^en the following 

hold for po > sufficiently small: 

(1) IfVj has a positive end £+ which converges to [0, 1] x {zqo}, then 

(V.5.4) {£+,al)>l, 

and the relevant sector is a thin wedge if and only if equality holds. More- 
over, if the sector is not a thin wedge, then 

{£+,al)>2g. 

(2) Ifvj has a negative end £- which converges to [0, 1] x {zoo}, then 
(7.5.5) {£^,al)>2g. 

Proof. Suppose po < e. The restriction of to [0, 1] x S" consists of m Reeb arcs 
[0, 1] x {(pi} on {p = Po}, where < i < m and (pi = (t)o + l{2'K/m). Let 
(resp. £J) be a positive (resp. negative) end oiv'- which converges to [0, 1] x {z^o} 
and let &{£±) be the corresponding sector in D^. 

By the assumptions on the given in Section 5.2.2, the angles of the thin 
wedges are and the other sectors of — UiOj — Uih(ai) have angles greater 

than ^^^^^ . This implies that: 

(i) {£+,al) > 1; 

(ii) {£+,alo) = 1 if and only if &{£+) is a thin wedge; and 
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(iii) {£-,alo) > 2g. 
The lemma follows. □ 

Similarly, we have the following lemma, whose proof is the same as those of 
Lemmas 7.5.1 and 7.5.2 and will be omitted. 

Lemma 7.5.3 (Intersection with vq). The following hold for po > sufficiently 
small: 

(1) IfvQ has a positive end which converges to S^, then 

(7.5.6) (5+,(a-)t)>p. 

(2) IfvQ has a negative end £- which converges to [0, 1] x {z^o }, then 

(7.5.7) (f_,(c7-)t)>25. 

Lemma 7.5.4. Consider v'- : F" — >■ W j, j < 0. IfpE dF" is a boundary 
puncture which is removable at z^, then, for any sufficiently small neighborhood 
N{p) C F'-, there exists po > such that {Vj{N{p)), (a^)'^) > ko - 1 > 2g. 

Here the constant ko is as given in Section 5.2.2. 

Proof We will prove the case j < 0, leaving j = for the reader. Let p be a 
removable boundary puncture of Vj which maps to a point onM x {1} x {zoo} 
(without loss of generality). We consider the projection vr^ : M x [0, 1] x 5 — > S". 
By Definition 5.3.2, the projection Tr;^ is holomorphic when restricted to tt^^ (D^), 
where e > is sufficiently small. Hence vr^ o v'! is holomorphic when restricted 
to {ir-g o v'-)~^[d1) and some sector of — a must be contained in Im(7r^ o v'-) 
because holomorphic maps are open. This in turn shows that 

(l;^(iV(p)),(a^)t)>/co-l>25 

by assumption, provided po is sufficiently small. □ 

7.6. Some restrictions on Utx,. We now present some lemmas in preparation for 
Theorems 7.7.1 and 7.7.3. Lemmas 7.6.1-7.6.3 give restrictions on Uqo, which 
arise from intersection number calculations from Section 7.5, and Lemma 7.6.5 
gives a lower bound on the ECH index of the levels Vj. 

In what follows, "component" is shorthand for "irreducible component". We 
first discuss the "fiber components", i.e., components v : F ^ Wj of vj which 
map to fibers of Wj. There are three types of fiber components: 

(i) ghosts, i.e., v is constant; 

(ii) "closed fiber components", i.e., F is closed and vis nonconstant; 

(iii) "boundary fiber components", i.e., OF ^ and vis nonconstant. 

If w is a closed fiber component, then v is a. branched cover of a fiber of Wj. Next 
let ?; : F — > Wj be a boundary fiber component. If j < and v maps to W]^^(p), 
p G dB, then v{F) D tF^^ (p) — A, where A = Lg^or Lj^f^^ ■ Similarly, if j = 
and V maps to (p), p G dB-, then v{F) D tt^^ {p) — L^. 
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Lemma 7.6.1. The only possible non-ghost fiber component of u^o is a closed 
component 7f^^ {jp) which passes through m. There is at most one such component. 

Proof. Let u be a non-ghost fiber component. Then is a d-fold branched cover of 
a fiber if it is a closed fiber component and a d-fold branched cover of a fiber cut 
along a (or /i(a)) if it is a boundary fiber component. In either case, n* {y) = d- m. 
This implies that d = 1. 

We now prove that u is a closed fiber component passing through m. Arguing 
by contradiction, if m ^ Im(u), then there is a component v of Uoo such that m G 
Im(£'). If ?) is a cover of a^, then there must be some component of U^' for j > 0, 
which has a negative end at some 6q. Therefore n~{Vj) > by Lemma 7.5.1(2). 
If V is not a cover of cr^, then v has a nonzero intersection with cr^ and hence 
n~{v) > 0. In either case we have n*{uoo) > rn, which is a contradiction. This 
proves that rn G Im(w). 

Finally boundary fiber components are eliminated because they project to a point 
in dB-, and therefore cannot pass through rS. □ 

We recall the notation Vj = v'- U v'-, where v'^ denotes the union of all compo- 
nents of Vj which cover the section at infinity and v'- denotes the union of all 
other components oivj. The covering degree of will always be denoted by pj. 

We also define to be the union of the components of v^' which are asymptotic 
to a multiple of 5q or at either end and to be the union of the remaining 
non-fiber components ofv'-. 

Lemma 7.6.2. Ifv^ = 0, then, with the exception of ghost components: 

(1) v'j = andv^j = for all j; 

(2) no v", j < 0, has a boundary puncture which is removable at z^; 

(3) every level vj, j ^ 0, has image inside W' or W ; and 

(4) vq is a W --curve or a degenerate I^_-curve, i.e., vq is the union of a 
W --curve and a fiber 7f^^ (p) which passes through tPu 

Proof. If = 0, then vq = v^. Since Ui passes through m for all i, the level 
vq : Fq —> W - must also pass through m. By Lemma 5.4.10,'^ n^ivo) > m 
because rix G a^. Equation (7.5.1) and the nonnegativity of n* then imply that 

'^"(^o) = ITT- and n*(vj) = for j ^ 0. 

(1) If / or v^j / 0, then at least one of Equations (7.5.3)-(7.5.6) applies 

andE,yon*(^;;) >_0.^ 

(2) This follows from n~(Uo) = m and Lemma 7.5.4. 

(3) Since n*{vj) = for j / 0, (1), combined with Lemma 5.3.13, im- 
plies that lm{vj) c W if j > 0, whereas (1) and (2), combined with 
Lemma 5.3.8, implies that lm.{vj ) C W if j < 0. 



More precisely, this follows from the method of proof of Lemma 5.4.6. 
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(4) Since n~{vo) = m, vq intersects cr^ only at m and the intersection is 
transverse by Lemma 5.4.10(2). By (1) and (2) and Lemmas 7.6.1 and 
5.4.12, ifvo is not a Ty_-curve, then it must be a degenerate VF_-curve. 

This completes the proof of the lemma. □ 
Lemma 7.6.3. 1/11^^0, then, with the exception of ghost components: 

(1) there is only one negative end ofv^j, j > 0, (say v^^,) which is asymptotic 
to a multiple of 5q; 

(2) Uoo has no fiber components; 

(3) no Vj, j < 0, has a boundary puncture which is removable at z^o; 

(4) v) has image inside W, W-, or W ; 

(5) U^-, J < 0, is a union of thin strips from to some xi or x'-; 

(6) Vq has image inside W - — int{W-) and has 5'q, for some tq > 0, at the 
positive end and some subset of {xi, . . . , X2g, x[, . . . , Xg^} of cardinality 
p at the negative end; 

(7) v'j, < j < a', has image inside W — int{W') and has 5\^\ for some 

Vj > 0, at the positive end and h^i with r'j + r'- = rj, at the negative 
end. 

Proof. (1) By Lemma 7.5.1, each negative end of u^, for j > 0, which is asymp- 
totic to a multiple of 6o contributes at least m—2g to Yl'j=i where m » 2g, 
because the total multipUcity of 5q is < 2g. If there are at least two such negative 
ends of u^, then the total contribution to YTj=\ at least 2(m — 2g) > m, 

which is a contradiction. Suppose ^J^/, < a' < a, has a negative end at a multiple 

at(5o. 

(2) By Lemma 7.6.1, a fiber component of Uqo is a fiber vf^^ (p) which passes 
through m and additionally contributes m to J2'j=-b ^ contradiction. 

(3) By Lemma 7.5.4, a boundary puncture which is removable at Zoo additionally 
contributes > 2g to Yl'j=-b''^*(^j)- "^^^^ again a contradiction. 

(4) By (3), v^j does not have any boundary punctures which are removable at Zoo- 
Since the ends of are contained in or [0, 1] x 5 and n*(v^j) = 0, we conclude 
that Im(l;5) c W, or W by Lemmas 5.3.8, 5.4.12 and 5.3.13. 

(5) , (6) Let pj = deg{Vj) be the covering degree of Vj over cr^. Then po < 

Pi < • • < Pa'-i and Pa/ = 0. This follows from (1) since a negative end of u^^^ 
is required to decrease pj. 

Let p~, be the multiplicity of 6o at the negative end of U^, . The negative end of 
U^, contributes at least m — p^, to n* by Equation (7.5.3) and the positive ends of 
Uj, for J = 0, . . . , a' — 1, give a total contribution of at least p~, — po to n* by 
Equations (7.5.2) and (7.5.6). Hence, 

a 

(7.6.1) Xl^*(^5) ^"^-^'o• 
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On the other hand, by Equation (7.5.4), the contributions of the positive ends ofvj, 
j = —b, . . . , —1, add up to 

-1 

(7.6.2) ^n*{vl)>po. 

j=-b 

Equations (7.6.1) and (7.6.2) give: 

a 

(7.6.3) n*(uj.) > m. 

Equality holds by Equation (7.5.1). This in turn implies that: 

(i) equality holds in both Equations (7.6.1) and (7.6.2); and 

(ii) v'j, j < 0, has no negative end which Umits to Zoo- 

Since po < 2g, each v*, j < 0, must be a union of thin strips by Lemma 7.5.2. 

This gives (5). Moreover, has Sq^~^° at the positive end and no negative ends at 
Zoo by (ii) and 

(7.6.4) n~{vl)=pi-po 
by Lemma 7.5.3 and (i). 

In order to prove (6), we consider Cp = T^jfiv^) n Tp, where < p < 1. 
The argument is similar to the proof of the blocking lemma in [CGHl], and the 
presence of the Lagrangian boundary condition for Vq does not change the proof in 
any essential way. Suppose pi > is small. Let UiSi be the union of positive ends 
of I'q that limit to multiples of 5o, and let Cp^ = Trjf{\Ji£i) n Tp^. Viewing C'p^ as 
a cycle {q,pi - po) G i?i(rpj, we have 

<pi-po< det((l,m), {q,pi - po)) = Pi - Po - qrn. 

By Equation (7.6.4), ^ = and C^^ = C'p^, since any intersections besides those 

coming from UiSi would give some extra contribution to n'^{vQ). 

Next consider Cp^, where p2 = 1 — £, £ > small. Since there are no ends of 

Uq between Tp^ and Tp^, it follows that Cp,^ = (0,pi — po) € Hi{Tp,^). Negative 
ends can approach Xi or x[ either from the interior of V = N — int{N) or from 
the exterior of V. A negative end of Vq approaching Xi or x'^ from the interior 
contributes (0, 1) to the homology class of Cp^. This means that at most pi — po 
ends of Vq approach Xj or from the interior. 

Finally let ps = 1 + e, e > small, and let C^^ = Trjf{v) fl Tp.^, where v is 

obtained from Vq by truncating the negative ends which limit to Xj or x^ from the 
exterior of V. Then C^^ = (0, r) G Hi{Tp^) for some r > 0. We can eUminate the 
possibility r > by examining the intersection of C'^,^ and the Hamiltonian vector 
field on Tpg and applying the positivity of intersections. Since p3 was arbitrarily 

close to 1, it follows that the image of Vq cannot escape W- — int{W-), which 
implies (6). 

(7) This is similar to (6) and is left to the reader. □ 
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Remark 7.6.4. One can easily compute that I{vq) = vq and I{vj) = r'j + 2r'- when 
j>0. 

Lemma 7.6.5. The ECH index of each level Vj, j = —6, . . . , a, is nonnegative if 

Proof Recall that the restrictions J and J' are also regular by definition. By [HTl, 
Proposition 7.15(a)], lEcnivj) > for j > since J' is regular. 

Case j < 0. We write vj = v'j U v^j U u^-. 

Suppose that v'q = 0. Then = and v^j = for all j < by Lemma 7.6.2, 
and we are left with u^ , which is simply-covered and has noimegative Fredholm 
index by regularity. By the index inequality (Theorem 4.5.13), I{vj) = ^(^5) — ^" 

Next suppose that ^ 0. Then is a union of thin strips from z^o to some Xi 
or x'^ by Lemma 7.6.3 and each thin strip has ECH index 1. We also have I{v'j) = 
by Lemma 5.7.12 and I{v^j) > by the previous paragraph. 

We claim that 

(7.6.5) /(Uj) = I{v'j U uj. U IJJ) = liv'j) + /(u;.) + /(IJJ). 

Note that, although v'j, v^j and are disjoint, v'j and are both asymptotic to 
(a multiple of) Zoo at the positive end and the additivity of the ECH indices of Vj 
and v^j needs to be verified. For that purpose, recall from Section 5.7 that each Vj 

comes equipped with data = {{V'Y-', (V')j"""') at the positive and negative 
ends, since Uoo is the limit of the sequence {ui}. The key observation here is 
that {T>'Y° = ('D')J'^°™, since all the components of U^,, j' < j, are thin strips 
whose data (pj,)^/ = {{vl)f, {vl)f'^) at the positive end satisfies = 
Hence we can choose a simultaneous grooming = {c^} for both v'j 
and at the positive end z^o such that has w{c'^) = and connects h{ai^j^) 
to ajj, jj.. If we choose a groomed multivalued trivialization r compatible with c"*", 
then 

Ir{v'jUvl)=Ir{v'j)+Irivl), 

which immediately impUes Equation (7.6.5). 

Case j = 0. Suppose that v'^ = 0. Then, vq is a T^_-curve or a degenerate W-- 
curve by Lemma 7.6.2. If is a l^_-curve, then it is simply-covered and satisfies 
^ ind(l;o) > 0. If Uq is a degenerate VF_-curve, then Uq can be written as 
a union of a fiber C and a VF_ -curve Uq. The Fredholm index of Uq is nonnegative 
since Vq is simply-covered and hence is regular. The Fredholm index of C is given 
by: 

ind(C) = -x(C) + 2(ci(rW^_),C) 

= {2g - 2) + 2(2 - 2^) = 2 - 2g. 
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The algebraic intersection number (C, Wg) is equal to 2g and 

(7.6.6) I{vo) > ind(C) + ind(zJ^) + 2{C, v^) 

>{2-2g)+0 + 2{2g) =2g + 2, 

by Theorem 5.6.9. 

Next suppose that v'q ^ 0. We have I{v'q) = by Lemma 5.7.13. Next, by 

Lemma 7.6.3, if Ug / 0, then Im(?;Q) C W - — int{W-) andhas Sq^'^'^ ,pi—po > 
0, at the positive end and some (pi— po)-element subset of {xi, ... , X2g, x[,..., xi^g} 

at the negative end. Hence I{vq) = pi — po by Lemma 5.7.14. Finally, since 
lm(i^Q) C W- by Lemma 7.6.3, I^q is simply-covered and /(uq) > 0. The ECH 
indices of Uq, Vq, and I^q are additive. 

This completes the proof of the lemma. □ 

7.7. Compactness theorem. Let J^{e,6,p) be a generic almost complex struc- 
ture which is {e, C/)-close to J_ € where U and -Kp,2<5 are as in Conven- 
tion 5.8.12. We write: 

MUe,S,p) :=M^7;";=™(7,y;m). 

As before, u^o £ dAi^{£, 6,p) is written as = v^i, U ■ ■ ■ Uva and each vj is 
written as Vj = IJ'j U Vj = vj U v'j U IJ^j . 

We now prove the following compactness theorem, which is basically a conse- 
quence of two constraints: I{ui) = 3 and n*{ui) = m. The list of possibilities 
should be viewed as a preUminary Ust, since we will subsequently eUminate Cases 
(2)-(6) in Theorem 7.11.1. 

Theorem 7.7.1. Let be (e, U)-close to J_ G ~J^^^ and Kp^2S-regular with 
respect to fn, and let Uqo £ dM.^{£, 5,p). If v'q ^ 0, then u^o contains one of the 
following suhhuildings: 

(1) A 3-level building consisting ofvi with I = 2 from 7 to Sq^'; v'q = a^; 
and v^_i which is a thin strip from Zoo to Xi or x'^. 

(2) A S-level building consisting ofvi with I = Ifrom some 7" to Sqj'; v'q = 
cr^; and which is a thin strip. 

(3) A A-level building consisting ofvi with I = Ifrom 7 to Sq^'; v'q which is 
a branched double cover of a^; v'_i = a^o; and v^_i and v^_2 which are 
both thin strips. 

(4) A 3-level building consisting of vi with 1 = 1 from 7 to Sqj'; v'q which 
is a branched double cover ofa^; and ul^ which is the union of two thin 
strips. 

(5) A 3-level building consisting ofvi with I = Ifrom 7 to Sq^'; v'q = a^; 
Vq with I = Ifrom Sq to Xi or x'^; and wL^^ which is a thin strip. 
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(6) A 4-level building consisting of V2 with I = Ifrom 7 to Sq^'; v[ = a'^; 
v\ with 1 = 1 which is a cylinder from do to h; v'q = a^; and v^_i which 
is a thin strip. 

Here we are omitting levels which are connectors. 
See Figure 4. 




(1) (2) (3) (4) (5) (6) 



Figure 4. Schematic diagrams for the possible types of degen- 
erations. Here • represents 5q, o represents Zqo. and x represents 
some Xi or x[. A vertical line indicates a trivial cylinder or a re- 
striction of a trivial cylinder, and a double vertical line indicates 
a branched double cover of a trivial cylinder or a restriction of a 
trivial cylinder. The labels on the graphs are ECH indices of each 
component. 

Proof. By Proposition 7.3.1, ui converges in the sense of SFT to a holomorphic 
building Hqo = U • • • U We have three constraints: 

(i) e;=-6^(^.) = 3, 

(h) I{vj) > for all j, and 
(iii) T,%-bn*{vj) = m. 

(i) comes from the additivity of ECH indices, (ii) comes from Lemma 7.6.5, and 
(iii) comes from Equation (7.5.1). 

Suppose that v'^ / 0, i.e., we are in the situation of Lemma 7.6.3. We have the 
following restrictions: 

• the top level Va is nontrivial and satisfies I{va) > 1; 

• Uj<oi'j consists of po > 1 thin strips and contributes X]j<o -^(^j) = Po > 
1 to the total ECH index. 

This immediately implies p^, < 2 because p~, is also the number of nontriv- 
ial curves with a positive end at 60 and each of them has ECH index / > 1 by 
Lemma 7.6.3. We also have po < p^,, and therefore we can divide the proof into 
three cases: 
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• Case I: p~, =pq = 1. 

• Case n': p~, = 2 andpo = 1- 

• Case n": = 2 and pq = 2. 

Case I. In this case Vq = and v^_i is a thin strip. This leaves two possibiUties 
for vi: either I{vi) = 2 and we are in Case (1), or I{vi) = 1 and we are in Case 
(2). 

Case ir. In this case we have U^^^ 7^ for some Jq > 0. Since I{v^jf^) = 1, V-i 
consists of a single thin strip and there are no other levels with j < 0. If Jq = 
we are in Case (5), and if jo > we are in Case (6). In Case (6), v\ is a cylinder 
connecting Sq with h by Lemma 7.6.3 and Remark 7.6.4. 

Case U". In this case \Jj^QVj consists of two thin strips. If they are on the same 
level we are in Case (4) and if they are on different levels we are in Case (3). 

This completes the proof of Theorem 7.7.1. □ 

Remark 7.7.2. In Cases (3)-(6), the total number of branch points of yj^^_^'j is 
one, where we are not ignoring connector components that cover cj^: Assume 
without loss of generality that the only nontrivial v'^ is Uq and that v'q double covers 
£7^. Let b be the number of branch points of v'q. Then ind(?;o) = b — 1 by 
Proposition 5.5.5, the Riemann-Hurwitz formula, and the proof of Lemma 5.8.9. 
The index inequaUty, the additivity of the indices, and the condition I{ui) = 3 
force b = 1. 

The proof of the following theorem is similar and will be omitted. 

Theorem 7.7.3. Let be (e, U)-close to J_ G ~J^1^ and Kp 2S-regular with 

respect to m, and let Uoo G dM^{e, 5,p). I/v'q 7^ 0, then contains a 3-level 
suhhuilding consisting ofvi with I = Ifrom 7 to Sqj'; Uq = a^; and v^_i which 
is a thin strip. Here it is possible to have Iech = connectors in between. 

7.8. Asymptotic eigenfunctions. We now collect some facts about the asymptotic 
operator and asymptotic eigenfunctions, referring the reader to [HWZl] and [HT2]. 

7.8.1. The asymptotic operator. We study the local behavior of a holomorphic 
half-cyUnder which converges to a degree I > 1 multiple cover of Sq, denoted by 
(5q. Let Dp,, = {p < po} C with po > small (in particular < |) and let 
K = [C, +00) X (M/2ZZ) with / G N. We will be using balanced coordinates on 
(M/2Z) X ; see Section 5 . 1 .2. A holomorphic half-cylinder which is asymptotic 
to Sq at the positive end restricts to a holomorphic map 

u: K ^Rx (R/2Z) x Dp^, 

which can be written as: 

{s,t) {s,t,z{s,t)), 

where lim z{s, t) = 0. 
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Lemma 7,8.1. The function z : K ^ Dp^ satisfies the equation 

(7.8.1) dsZ + idtz + ez = Q, 
where e = ^. 

Proof. The partial derivatives of u are: dgU = (1, 0, dgz) and dtu = (0, 1, dtz). 
Then J((?s?l) = R + {0,0, idgz), where R is the Hamiltonian vector field. We 
compute that R = dt + ed^. Hence J{dsu) = {0,1, idgZ + iez). This gives 
Equation (7.8.1). □ 

Definition 7.8.2. We define the asymptotic operator 

Ai : Ll{R/2lZ,C) L^(M/2IZ,C), 

/ ^ -idtf - ef. 

We remark that the asymptotic operator which appears in [HWZl] is Ai, whereas 
the asymptotic operator in [HT2] is — The eigenfunctions of Ai are the asymp- 
totic eigenf unctions, and are given by ce'^*"*/', c G C, n € Z, with corresponding 
eigenvalues ^ — e. An asymptotic eigenfunction ce'^*"*/' is said to be normalized 
if |c| = 1. Let E^^ii_^ be the eigenspace of Ai corresponding to the eigenvalue 

7rn _ 

For a strip-like end asymptotic to the intersection point z^o, the asymptotic op- 
erator is still / —idtf — sf, but now acting on functions / : [0, 1] — >■ C with 
boundary conditions /(O) G e^^'^°'^^^M. and /(I) G e*'^°R for some real constant 
cq. The eigenfunctions are ce*^™~^^**"'"*'^'^°"'"^\ c G M, n G Z, with correspond- 
ing eigenvalues vrn — 2e. As before we say that an eigenfunction is normalized if 
|c| = 1. 

7.8.2. The asymptotic eigenfunction at an end. Let 7 G and 7' G 02g~i. 
As before, the modifier * is placed as in M.^ (7, (5g7') to denote the subset of 

M-j_ (70, 5o7') satisfying *. In particular, * = {h, . . . ,lx) means {l\, . . . , l\) is a 
partition of I and we restrict to curves with A ends at 5o with covering multiplicities 

We consider the asymptotics of u G Sgj') near the negative end 

jj/ . Let 

no,, : M X (M/2Z) x Dp, ^ Dp, 
be the projection to Dp, and let 

= ^Dp, ° u : (-00, So] X (M/2ZjZ) Dp, 

be the projection of the negative end of It which corresponds to 5q . The following 
asymptotic result is due to Hofer-Wysocki-Zehnder [HWZl]: 

Lemma 7.8.3. There exist constants Co, Ci > such that the following holds: For 
any u G M^'"''^^\'j, Sq^j') with a negative end at 6q, there exists an asymptotic 
eigenfunction fj : R/2/jZ — >■ C given by fj{t) = ce'^**/'^ such that 

(7.8.2) \zj{s,t) - e^''/^i-'>fj{t)\ < Coe^^/^^-'+^'^^'-'°\ 
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The function fj{t) satisfying Equation (7.8.2) is called an asymptotic eigenfunc- 

tionfor u at the negative end Sq . 

The following is due to Wendl [We4] and Hutchings-Taubes [HT2, Prop. 3.2]. 
(The proof of [HT2, Prop. 3.2] essentially proves the following lemma, but is not 
quite stated in the same way.) 

Lemma 7.8.4. There exists an arbitrarily small perturbation J' of J' in {J'Y^^, 
which is supported on M x {pi <p<p2}cMx N for < po < Pi < P2 
arbitrarily small, such that the following holds: 

(★) for all ^ and 'y' , partitions {li, . . . ,lx) of I, j G {1, . . . , A} andr G NU{0}, 
the set of elements of M^~^~^'^^^'"'''^^\'y,dQ'-f')/M. with vanishing asymp- 
totic eigenfunction at 6q is a real codimension 2 submanifold. 

The real codimension 2 condition is due to the fact that dim^ E^/i._^_^ = 2. 

Let {J'Y^^ C {J'Y^^ be the (dense) subset of almost complex structures which 
satisfy (★). 

7.8.3. Definition ofU„i-i. Let 7 G 7' € 02(,-i, and J' G Let u G 
j^i-md-2,n -m-i^^^ Soj'). Since J' satisfies (*), the asymptotic eigenfunction of 
u at So is nonzero. Hence we can associate a normalized asymptotic eigenfunction 
at So to u. 

Now let 

f 0, ifp/ 1; 

for a generic normahzed asymptotic eigenfunction fs^ . The modifier fs^ stands for 
"the normalized asymptotic eigenfunction at the negative end So is /^q". 

7.8.4. The limit m — > 00. Suppose m ^ 0. Let hm '■ S ^ S he a smooth 
extension of h : S ^ S via v^, as defined in Section 5.1.1, and let : S ^ S 
be the smooth extension of h via Uoo- The Hamiltonian structure on the suspension 
of hoo will be written as (ao oo,"^)- We then define J''oo as in Definition 5.3.9, 
with ao replaced by ao,oo- Although the orbit So is degenerate, we still define the 
set "P = "P U {So} of orbits, the set Ok (resp. Ok) of orbit sets constructed from V 
(resp. V) which intersect S x {0} exactly k times, as in Section 5.3.2. 

Let J'oc G i7'oo- The moduli spaces Ai^-j (7,(^07') are defined as follows: 
If / = 0, then the definition is the same as before. If / > 0, then we impose an 
exponential weight ^ at each negative end which approaches a multiple of So, 
where e' is a small positive constant. 

An almost complex structure J'oo G J' 00 is regular if (7, ^07') is trans- 

versely cut out for all < < 2^^, / > 0, 7 G Ok, and 7' G Ok-i- 
Lemma 7.8.5. A generic J'oo ^ <^'oo is regular and satisfies ("f^). 



This is the temiinology from [HT2], which is slightly different from that of the Hofer school. 
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Proof. The Fredholm theory for holomorphic curves with Morse-Bott asymptotics 
uses Sobolev spaces with exponential weights. The regularity of simply-covered 
moduli spaces in this setting is treated in Wendl [We4]. □ 

As before, we write {J'ooY^^ C J'^o for the dense subset of regular almost 
complex structures and {J' ooY*^^ C [J'ooY^^ for the dense subset of almost com- 
plex structures which satisfy (★). Note that, if J'^ G {J'ooY^^> then nearby almost 
complex structures J' G J"' for m » are in {J'YY^ ■ 

Lemma 7.8.6. A sequence of curves Um € (7, 5o7') with m — )■ cx) converges 

(up to extracting subsequences) to a curve in (7, <Jo7')- 

■J 00 

Proof. The stable Hamiltonian vector field around 5q for m ^ is obtained by per- 
turbing the (locally) Morse-Bott Hamiltonian vector field for m = 00 by a Hamil- 
tonian function / on which has a local maximum at Zoo', cf. [Bo2, Lemma 2.3]. 

Any sequence Um G -^i^^(7; ^o^O ^'^^ ^ subsequence which converges to a 
generalized Morse-Bott building by the Morse-Bott compactness theorem [Bo2, 
Theorem 4.16]. The limit must be negatively asymptotic to (^07' because there is 
no negative gradient trajectory of / on D"^ that goes to Zoq. Moreover the limit can 
have only one nontrivial level, because any further level must have 7 = 0. □ 

Let J'oo € {,J' ooY-k^ • By the compactness and regularity of moduU spaces, 
there are only finitely many curves Ci, . . . , C^, modulo M-translation, such that 

c,GM^-;^'"=°'^'--'^^'^(7.5hO 

for some orbit sets 7^ , 7^- G and partition (In,. . . , ) of . Here if tt is a curve 
with an end at (5q, then its ECH index is computed using the Conley-Zehnder index 
of Sq with respect to /tm, 3> 0, and n{u) is defined as the intersection number 
of u and the section at infinity. Let 

fij : M/2ZijZ ^ C, djc'^'^/^'i , 

be the asymptotic eigenfunction corresponding the end 6^^ of Cj. The condition 
Cij ^ follows from Lemma 7.8.5. We may therefore assume without loss of 
generality that all the fij are normaUzed. 

7.8.5. Radial rays. 

Definition 7.8.7. A bad radial ray is a radial ray TZ^Pq = = ^0, P > 0} in C 
which passes through 

{fijit) \ i = 1, ... ,r;j = 1, ... ,Xi;0 <t < 2lif,t = S/2 mod 2}. 

A radial ray ^Z(j,^^ which is not bad is said to be good. 

A good radial ray must exist and, as it is explained in the following remark, we 
can assume it is TZtt. 
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Remark 7.8.8. The set of bad radial rays is determined by (M x N, J'oo). Strictly 
speaking, we should choose the set of endpoints E c dD"^ as in Section 5.2.2 such 
that 7^(/,o+7r is a good radial ray and <^o < < </'o + c(?Tt) where c(m) — >■ 

as m — oo. After a rotational coordinate change of D^, we may assume that TZt^ 
is a good radial ray and < (f){yj{m)) < c{m). 

7.9. The rescaled function. In this subsection we will be using limiting argu- 
ments in which m — > oo and hm h^o', see Section 7.8.4. Hence many of the 
almost complex structures and moduli spaces will have an additional subscript m, 
where m = oo is also a possibility. For example, J''„i and J^^m refer to J'' and 
J'_ with respect to m. Let J'oo £ {J'oo)T^ and let J'm £ {J'mT*^ be a nearby 
almost complex structure with respect to the integer m S> 0. Let J-,m £ be 

an almost complex structure which restricts to J'm and let be (e, C/)-close to 

We write tt : F ^ for the projection which was denoted T^Dp^ in previous 
sections. 

Let rui and be sequences satisfying the following properties: 

(51) lim rrii = oo; 

i— >-oo 

(52) Uij e Al£o^'"*"'"*(7,y;m), where y = {xi} U y' or U y' for some 
Z; and 

(53) for alH G N and k,^ > 0, there exists ji,K,u such that, if j > ji,K,u, then 
Uij is (k, i^)-close (cf. Definition 6.5.2) to a J^^.-holomorphic building 

Uioc = ^ivi,i with v'q^^ / 0. 

Moreover, assume that one of the following holds: 

(S4') the first negative end at 5o in the building ttjoo has multiphcity one, or 
(S4") the first negative end at Sq in the building Ujoo has multiphcity two. 

Property (S3) is a consequence of the fact that the sequence Uij converges in the 
SFT sense to the building Ujoo for each fixed i. Property (S4') corresponds to Cases 
(1) and (2) in Theorem 7.7.1 and Property (S4") corresponds to the remaining 
cases. 

7.9.1. Asymptotics. 

Lemma 7.9.1. Let v be a J' m-holomorphic curve inMx N with ECH index I <2 
for J'm G (iJ'm)*^^ cind let v : { — oo, sq] x N be a negative end oflJ which 

is asymptotic to a multiple cover of 5q. Then for every e > there exist positive 
constants R and k',k < e such that ^ > ^ and 

\7rov{-R,t)-K'f{t)\ < ^, 

for all t, where f is the normalized asymptotic eigenfunction for v. 

Proof. This is a rephrasing of Lemma 7.8.3, in view of Lemma 7.8.4. □ 
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7.9.2. Truncation. Let F be a Riemann surface and u : F ^ {W^, J_) a holo- 
morphic map. We denote hy p : F ^ B- the map ttb^ °u and by s : F — > M, 
t : F ^ the functions obtained by composing p with the coordinates (s, t) on 
The functions (s, t) give local coordinates on F outside the critical points of 

P- 

Let g be the restriction of an s-invariant Riemannian metric on W to and 

let d be the topological metric induced by g. 

Definition 7.9.2 (Truncation). A truncation (u, F, m, t^,K') of a holo- 

morphic map u : F { W-, J_) is a tuple where: 

• F is a subsurface of F and u is the restriction of u to F; 

• the restriction of p to each F n {R^''^ < s < i?^'"'"^)}) is a branched cover; 

• s^Px&{F) ^(^' ^ if d(u{y), a^) < ^, then y G F; 

• m G F is the unique point such that u{m) = (in); 

• e"*" (resp. c~) is the union of components of dF — p~^{dB-) for which 
ds{n) > (resp. < 0), where n is the outward normal vector field along 

dF. 

Definition 7.9.3. A good truncation 

iu,F,{R('^}f^„m, t^,K,K') 

is a truncation {u, F, tn, e^, k'), together with a constant k > 0, such 

that ^ > 2 and: 

(G) Itt o n|j± — /I < K, where / is an asymptotic eigenf unction of Sq or z^o 
(as appropriate) on each component of e"*^ and \ f\ > k'. 

Lemma 7.9.4. Let rrii and Uij be sequences satisfying ( SI )—( S3 ) and either (S4') or 
(S4"). Then there is a sequence such that the following hold for all j > 

(1) Uij admits a good truncation 

{uij,Fij, {R\j}f^i,mij,tfj,Ki, K^); 

(2) lim K - = lim Ki = and lim — = +oo; 

Proof. We prove the lemma in Case (S4'), where the notation is simpler, i.e., we 
can use {s,t) as global coordinates on Fij. In this case a = 2. Case (S4") is 
conceptually the same. 

Fix a sequence £i — )■ 0. Then, by Lemma 7.9.1, for each i there exist k^, Ki and 
Ri which satisfy: 

k' 1 

• k'-, Ki < Si and -f > and 

• \iT ovi{—Ri,t) — K-/j(t)| < Y for all t, where fi is the normalized as- 
ymptotic eigenf unction for a negative end Vi of a J'j„.-holomorphic curve 
Vi of ECH index I <2 that limits to Sq. 
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On the other hand, by (S3) and Definition 6.5.2, for all i there exists such 
that if j > then there exists i?^^ such that 

\TTouij{Rij - Ri,t) -Trovi{-Ri,t)\ < y 
for all t. Setting r\j^ = R'^j(^i^ — Ri, we obtain: 

TT O Uij{R\f,t) - n'jiit) < TTO Uij{Rlj\t) - TT O Vi{-Ri, t) 

+ \7r ovi{-Ri,t) - K'Ji{t)\ < Hi. 
Similar considerations also hold at the negative truncated end. □ 

Remark 7.9.5. As i — > cx), the curves vi approach one of the Ca from Section 7.8.4, 
modulo M-translation, by Lemma 7.8.6. Hence the normaUzed asymptotic eigen- 
functions /j limit to the normalized eigenfunction fab for Ca at the negative end 5q 

as i — )■ cx). 

7.9.3. Ansatz. We define 2^ = tt o 'Ujj(j) and, to simplify computations, we will 
make the ansatz 

(7.9.1) li = e-'^'wi, 

where Si = 

Lemma 7.9.6. The functions Wi : Fi ^ C defined by Equation (7.9.1) are holo- 

morphic with respect to the standard complex structure on C. 

Proof. We give the proof for Case (S4"); Case (S4') is similar but simpler. The 
functions (s, t) give local conformal coordinates on Fj outside the branch locus be- 
cause Pi : Fi ^ is holomorphic. Then : Fj — )■ C satisfies Equation (7.8.1): 

dgZi + idtZi + £iZi = 0. 

If we plug in Equation (7.9.1) into Equation (7.8.1) we obtain: 

—EiC'^^^Wi + e~^^^dsWi + ie~^^^dtWi + Sie'^'^Wi = 0. 

Hence dgiS + idtWi = 0, so -Wi is a holomorphic map to the standard complex line 
(C, i) in the complement of the branch point. Then it is holomorphic everywhere 
by the removal of singularities. □ 

7.9.4. Rescaling. Consider the diagonal subsequence Ui = Uij(^i), i = 1,2, ... . 
We abbreviate Fi = Fij(^iy pi = Pij(i) \p , ft« = etc. Fix i?Q, i?o > and 

let Ki be the connected component of pl^{B- n{— i?o ^ < -^o}) containing m. 
By passing to a subsequence we may assume that the topology of Ki and Fi — 
are constant. In order to simplify the exposition, we will assume that this is the 
case for all i. 

Definition 7.9.7. We define Q 

Properties ofwi. The holomorphic maps Wi : Fi ^ C satisfy the following: 
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(1) sup^g;^. \wi{z)\ = 1; 

(2) there is a unique point mj G Fi such that Wi{mi) = 0; the zero xUi is a 
simple zero; 

(3) if X G dFi and pi{x) = {s,t) G dB^, then Wi{x) G e^(=^*+'^')lR+ with 
Si = — and lim 0j = for some depending on the boundary compo- 

nent of dFi containing x; 

(4) at the truncated ends the inequality 



(7.9.2) 



Wi\,± - fi 



holds, where /j is a (not necessarily normalized) asymptotic eigenfunction 
of 6 or Zoo on each component of e^, \fi\ > k[, and Hi and H'^ satisfy 
Ki/Hi — >■ OO as z ^ OO. 

Remark 7.9.8. The loops of Wi\^± have winding number 1 around the origin when 
i is sufficiently large: in fact > Hi, so the Unear homotopy between Wi\ ± and 

i 

fi{t) is contained in C^. 

Lemma 7.9.9. After passing to a subsequence, Wilxi converges to a nonconstant 
fimction u^ool^o- 

Proof. After passing to a subsequence we may assume that Ki converges to a Rie- 
mann surface Kq with boundary. Since Wi\Ki is uniformly bounded, the lemma 
follows from Montel's theorem. □ 

From now on we assume that we have passed to a subsequence so that Lemma 
7.9.9 holds. In the following subsections we analyze the convergence of Wi, not just 
on the uniformly bounded part K^. This involves techniques of SFT compactness. 

7.9.5. Energy bound. Following Hofer [Hoi], we define an energy for holomor- 
phic functions on Riemann surfaces with boundary and punctures. 

Definition 7.9,10 (Energy). Let C be the set of smooth functions ip : [0, oo) — > 
[0, 1] such that <^(0) = and (p'{r) > for all r G [0, oo). If F is a Riemann 
surface and u : F ^ Ca holomorphic function, we define the energy ofu as 

E{u) = sup / u*d{ip{r)de), 
where (r, 9) are polar coordinates on C. 

Remark 7.9.11. If we identify ^ R x 5*^ using the log map, then 

sup / u*d{(p{r)dd) 
(fee 7f-u-i(o) 

agrees with the usual expression for the Hofer energy of logon : F — u~^{0) 
R X S^. 

Lemma 7.9.12. The sequence wi has uniformly bounded energy. 
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Proof. By Stokes' theorem, 

iwl{d^{r)de)= lw*{4>{r)de). 

JFi JdFi 

The boundary dFi is the union of e^, fik = Pi^^i{t = k}) n dFi, k = 0,1, and 
fi2 = Pi^^{{^ < t < 2})n dFi, all oriented using the boundary orientation. Let 
us write rj = w*{4>{r)d0). If c is a component of cf, then J rf k, 27rdeg(u;j|c) 
if c is a circle and f« ^ if c is an arc. The argument works because we may 
take Wi\c to be C' -close (not just C^-close) to an asymptotic eigenfunction, with 
I > 1. This follows from the exponential decay estimates of [HWZl]; also see 
[HT2, Lemma 2.3]. Moreover, for /c = 0, 1, ^ = since w\^.^, k = 0,1, 
projects to a radial ray. Finally, /ji ^ ^ < since w\^-,^ always has a component in 
the negative ^-direction; here it is important to remember that we are projecting 
using balanced coordinates. This proves the lemma. □ 

Remark 7.9.13. Observe that E{cu) = E{u) where c G C^. 

7.9.6. Bubbling. The goal of this subsection is to ehminate certain types of bub- 
bling. 

Let {F^,gi), i € N, be a sequence of Riemannian manifolds which are com- 
patible with the complex structures and have injectivity radii which are uniformly 
bounded below. For example, one could obtain the metrics gi by scaling the com- 
patible hyperboUc metrics by a conformal factor so that the thick parts remain 
hyperbolic, while the thin parts become flat cylinders. We will use these metrics 
to compute the pointwise norm of the differential of the functions Wi which are 
denoted by 

Lemma 7.9,14. For every compact set K C -B_, there is a constant Ck > such 
that \wi{z)\ < Ck and \w[{z)\ < Ck far all z G p~^{K) and all z G N. 

Proof. The lemma holds for KnKihy Lemma 7.9.9. Hence it suffices to consider 
K n Kf, where Kf := Fi — int{Fi). Since Wi{Kf) C C^, we compose with 
log : — )■ M X (]R/27rZ) and consider Q = ^ogowi\Kf- The sequence Q 
has uniformly bounded energy by Lemma 7.9.12. If « G N, is not uniformly 
bounded on K?, then the usual bubbling analysis yields a nonconstant finite energy 
plane u+ : C R x (M/27rZ) or half-plane u+ : H ^ M x (M/27rZ); see the 
proof of [Hoi, Theorem 31]. If is a half-plane, then v^{dM.) is contained in a 
hne M x {pt} C M x (M/27rZ) as a consequence of the boundary conditions for 
the maps Wi, and we can double ?;+ to obtain a nonconstant finite energy plane by 
the Schwarz reflection principle. On the other hand, by [Hoi, Lemma 28], there 
are no nonconstant finite energy planes in M x (]R/27rZ), a contradiction. Hence 
i G N, is uniformly bounded on K^. This in turn implies uniform bounds on 
\wi\ and \wl\ on if n {Kf). □ 

7.9.7. Case (S4'). In Cases (S4') and (S4") we often pass to a subsequence with- 
out explicit mention. 
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Suppose we are in Case (S4'). Recall the compactification cl{B-) of S_ defined 
in Section 5.1.1, obtained by adjoining the points at infinity p^-, p_. Here cl{B-) 
is isomorphic to the closed unit disk and p_|_ is a marked point in the interior and 
p_ is a marked point on the boundary under this identification. 

Theorem 7.9.15. The sequence {wi)i^^ converges uniformly on compact subsets 

to a holomorphic map Woo '■ —?■ C such that: 

(1) Woo{dB^) C M+ andwooim'') = 0; 

(2) lim \woo{s,t)\ = +(X)and lim ^°°[^'^}. = fab{t); 

(3) lim Woo{s,t) = c G M+; 

s— oo 

(4) Woo\int{B-) biholomorphism onto its image. In particular is the 
unique zero ofwoo\ci{B-) simple; 

(5) Woo extends to a holomorphic map cl{B-) CP^, still called Woo, such 
that Woo{dcl{B^)) = [01,02] C M"*" and Woo{p+) = 00. 

Proof. The uniform convergence on compact subsets is a consequence of the bounds 
from Lemma 7.9.14. (1) is immediate from the convergence, together with the ob- 
servation that the angles between the arcs in a tend to as rrij — > oo. 

(2) Let (resp. be the component of Fi — int{Ki) with positive (resp. 
negative) s-coordinates. We expand Wi and Woo in Fourier series on K^: 

+00 +00 

n=— 00 n=— 00 

By the uniform convergence of Wi to Woo, lim = o^ for all n. Then (2) is 
equivalent to the conditions: 

(i) lim ^e*-* = fabit); and 

(ii) lim o^ = when n > 2. 

Since we are in Case (S4'), {-Rf = {iilf \i?f ^}, i.e., o = 2. By Equa- 
tion (7.9.2), 

r2 



for all n € Z. On the other hand, if we write fi{t) = CiC^^'^, where fi{t) is not 
necessarily normalized, then 

^ £ {wi{R^\t) - fi{t)) e-^'^'dt = oj,e-"«l'' - cAn, 

where 5in is the Kronecker delta. Hence 

(a) \a\,\- e^^^^f^ < Ki for all n 7^ 1; and 

(b) \a\e''^f^ -Ci\ <Ki. 
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We prove (ii). Arguing by contradiction, suppose that lim |a^| ^ for some 

9 d(2) ^ 

n > 2. By (a), there exists C > such that Ce ^^i < ki for all i. Since 

i?-^'' — ^ oo, this implies that \d\e^^'i ' | < for all i. On the other hand, |cj| > Ti^ 

and lim ^ = +oo, which contradicts (b). 

Next we prove (i). We claim that lim a\ / for topological reasons. Indeed, 

if lim a\ = 0, then lim = for all n > 1 by (ii) and the curve Wi\s=R„ has 

nonpositive winding number around when i 3> 0. On the other hand, Wi\s=RQ 
is homotopic to the curve ^j|^^(2) in C^, a contradiction. This proves the claim. 



Finally, lim 



,(2) 



T% = 0, since lim £f = lim = 0. Hence 



n „nit 



lim ^e-« = fabit), 

which proves (i). 

(3) This is similar to (2). We expand Wi in Fourier series on K^: 

+ 00 



By the uniform convergence, lim and we can similarly prove that 

s— )■— oo 

= for all n < 0. This implies (3) because the normalized eigenfunctions 

converge to a constant as i — +oo. 

(4) Since H2{cl{B_),dcl{B_)) ^ i?2(CPS [01,02]) = Z, we have a well- 
defined notion of degree for Woo- Moreover, as in the closed case, the degree is 
equal to the cardinality of the inverse image of a regular value in - [01,02]- 
Hence degti;oo|mt(B_) = 1 because w^{oo) = {0} and is a simple pole. This 
implies that Woo : int{B-) — > C — [01,02] is a biholomorphism. 

(5) follows from (2) and (3). □ 

7.9.8. Case (S4"). We give a brisk treatment of the construction of the SFT limit, 
mostly pointing out the differences with (S4'). The main difference is that the 
projection pi : Fi ^ B- is a branched double cover over its image with a single 
branch point 6j G , and we must analyze different cases depending on the 
behavior of the branch point as i ^ 00. 
There are live cases: 

(a) lim bi = btx, & int{B^), 

(b) lim 6i = 600 € OB-., 

i— s-oo 

(c) lim s{bi) = +00, 

i— ^-oo 

(d') lim s{bi) = —00 and d{bi, dB^) > C, where C > is a constant, or 
(d") lim s{bi) = -00 and d{bi, dB^) 0. 
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The sequence pi : Fi ^ i?_ converges in the SFT sense to a 1- or 2-level 
holomorphic building poo = P^c pSo U p^, or U p^, where p^, p^, are 
branched covers of B, B_, B' , respectively. We have a 1-level building in Cases 
(a) and (b) and a 2-level building in Cases (c), (d'), and (d"). Let p^:F^^ 5_ 
be the restriction of to the component containing the Umit nVoo of ftii and let 
Poo ■ ^oo ~^ B OT B' be the restriction of p^, p^, or p^^ to the component 
containing the limit 600 of bi. If p^ = p'^ (i.e., in Cases (a) and (b)) we drop the 
superscripts. 

Near all the punctures of F^, * 6 {m, b}, we use cylindrical or rectangular 
coordinates {s,t) induced by the coordinates {s,t) on 5_ by puUback, after a 
possible translation in the s-direction. 

For * G {0/ , — }, we denote the compactification of B*, obtained by adjoining 
the points at infinity by cl{B*). Similarly, let c/(F^), -k e {m,b}, be the 
compactification of F^, obtained by adjoining q^^, where j G {1} or {1,2}, 
depending on the number of ends. (If there is only one end, we suppress the index.) 
The maps p%^ : F^ — > B*, can be compactified to : d{F^) d{B*), where 
q^ j is mapped to pj_. 

In Case (a), F^o is an annulus with a puncture q+ in the interior and a puncture 
q_ J on each boundary component. In Case (b), F^ is a disk with one puncture q+ 
in the interior, two punctures q_ j , j = 1, 2, on the boundary, and two boundary 
points boo,j, j = 1, 2, which are glued together to give feoo- The points q_j and 
600J alternate along the boundary. In Case (c), F^ is a disk with a puncture 
in the interior and a puncture qH^ on the boundary, and F^ is a sphere with three 
punctures q^, q^ j, j = 1,2. In Case (d'), F^ is a disk with a puncture in 
the interior and two punctures j on the boundary and F^ is a disk with four 
punctures q^ j on the boundary. In Case (d"), F^ is a disk with a puncture q" in 
the interior and two punctures q*" j on the boundary and F!^ is a disk with four 
punctures q^ j on the boundary and two boundary points booj, J = 1, 2, identified. 

Cases (a) and (b) are similar to Case (S4'), while the situation in Cases (c), (d') 
and (d") is compUcated by the fact that the limit is a 2-level holomorphic building. 

Cases (a) and (b). 

Theorem 7.9.16. Suppose lim bi = b^o € B-. Then (wi)i£fq converges to a 
holomorphic map Woo ■ F^o C such that: 

(1) w^idF^) C M+; 

(2) at the positive puncture q+, 

Woois,t) 



lim \woo{s,t)\ = +00, lim , ' ... = fabit); 
(3) at the negative punctures q_ j = 1, 2, lim W(X){s, t) = Cj G M"^; 
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(4a) in Case (a), w^x, extends to a holomorphic map Woo '■ cl{Foo) CP^ such 
that Woo '■ int{cl{Foo)) CP^ ~ ([<^i > <^2] U [03, 04]) is a biholomorphism; 

(4b) in Case (b), Woo extends to a holomorphic map Woo '■ cl{Foo) CP^ such 
that Woo ■ int{cl{Foo)) — > CP^ — [01,02] is a biholomorphism; 
(5) nXoo ii^ the unique zero of Woo\^^^(^^i(^p -j^ and is simple; Pooi^oo) = tn''- 

Proof. The proof of Theorem 7.9.15 goes through without modification to give 
(l)-(3). 

(4a) As in the proof of Theorem 7.9.15(4), we can define the degree for maps 
of pairs (d(-Foo), dcl{Foo)) — > (CP^, M"*"). The degree of Woo is 1 because it has 
a unique pole of order 1. The order of the pole at the positive puncture can be 
computed from the winding number of /„;,, which is the smallest one for a positive 
eigenvalue by Lemma 7.8.4. Then Woo can have no branch points in the interior of 
cl{Foo). (4b) is similar. (5) follows from (4a) and (4b). □ 

Cases (c), (d') and (d"). When the sequence is unbounded, there are surfaces 
F*, ★ e {m, b}, with embeddings l* : F* Fi, such that F* converges to F^. 
Let pf : F^ -)■ B- be the restriction of and let : FP B*,* = or be 
the composition of an s-translation mdpi\pb so that s-coordinate of p^{bi) is zero. 

i 

Let Wi be as in Definition 7.9.7. Let 

= iPi ° 4)"' (5- n {s{hi) -l<s< s{bi) + 1}) C F^ 
and Cf = sup^g^^b | u/j (i^ (z) ) | . Then we set wf = WiO and w^ = {wi ol'1)/C^. 

Lemma 7.9.17. For every compact set K C B*, there is a constant Ck > such 

that \wl{z)\ < Ck, and \{w*y{z)\ < Ck for all z G (p*)^^(K) and all i G N. 
Here * G {m, b} and * G {0,' , — }, as appropriate. 

Proof. Similar to Lemma 7.9.14. □ 

Lemma 7.9.17 implies that the limits w^ and w'^ exist. The following lemma 
gives the behavior of w^ and near the punctures. 

Lemma 7.9.18. 

(1) Let u : x (R/ttZ) — > he a finite energy holomorphic map. If the 
map t I—)- u{s, t) has degree one for some (and therefore all) s G M+, then 

u is t) 

lim |noo(s, t)\ = +00 and lim °° ' = ce'^** with c ^ 0. 

s->+oo S^+QO \Uoo{S,t)\ 

(2) Let u : M~ x (M/vrZ) be a finite energy holomorphic map. If the 
map t I-)- ^(s, t) has degree one for some (and therefore all) s G M~, then 

lim \uoo{s,t)\ = 0. 

s->--oo 

Proof (1) Let us view « as a map M+ x (M/vrZ) ^ M x (M/ttZ). As in the 
proof of Lemma 7.9. 14, since u has finite energy, it has bounded derivative. Let 
Un{s,t) = u{s + kn,t), whcrc kn G M+ and lim kn = +oo. The sequence 

n— >-+oo 
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Un has uniformly bounded derivative and converges to a finite energy holomorphic 
map 

Uoc-.Rx (R/ttZ) ^ M X (M/ttZ). 

Such a holomorphic map is of the form u^{s, t) = {s + a,t + b), where a, b are 
constants. This implies (1). (2) is similar and is left to the reader. □ 

Case (c). 

Theorem 7.9.19. Suppose lim s{bi) = +oo. Then converges to a holo- 

morphic map f/;^ : F'^ — >■ C such that: 

(1) wZ{dFZ) C M+; 

(2) at the positive puncture o^, 

Hm \wZ{s,t)\ = +oo, Um ^^|M^ = /(t), 

where f is a normalized eigenfunction of the asymptotic operator at 5q 
with winding number one; 

(3) at the negative puncture qH^, lim = c G M+; 

s—^—oo 

(4) u;" extends to a holomorphic map : cZ(F^) <Cf^ such that : 
int{cl{F^)) — > CP^ — [01,02] is a biholomorphism; and 

(5) in'' is the unique zero ofw^\. ,(^m\\ o-nd is simple. 

Also {w\)i^fi converges to a holomorphic map vfi^ : — >■ C such that: 

(6) at the positive puncture q^_, 

lim \wlis,t)\ = +^, lim ^44^ = /«;>(*); 



s 

(7) at the negative puncture q*^ ^ that connects to q"?, lim ufi^is, t) = 0; 

' s— >— 00 

b 



(8) at the other negative puncture q_ 2, lim w^{s, t) = c & M+; 

' s— 00 

{9) at the punctures ([^ and q''^ ], lim , ' ; = hm ' ' 



(10) extends to a biholomorphism ufi^ : CP^ — >■ CP^; an<i 

(11) q^ 2 unique zero ofw^ and is simple. 

Proof. The proof of Theorem 7.9.15 goes through with Uttle modification, in view 
of Lemma 7.9.18. We remark that (8) is a consequence of Convention 6.6.4 and 
the proof technique of Lemma 6.6.5. □ 

Cases (d') and (d"). 

Theorem 7.9.20. Suppose lim s{bi) = —00. Then {w^^)i^^ converges to a holo- 

morphic map : F^ C such that: 
(1) w^{dFZ)cR+; 
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(2) at the positive puncture ql^, 

Um K(.,i)| = +oo, Hm i^|M^ = 

s->-+oo s-^+oo \w^{S,t)\ 

(3) at the negative punctures q^H ■, j = 1, 2, lim w^(s, t) = Cj G 

'•' s— oo 

(4) extends to a holomorphic map : cl{F^) CF^ such that 
int{cl{F^)) — > CP"*" — [01,02] is a biholomorphism; 

(5) ftioo is the unique zero ofvo'L\. and is simple. 

Also {w\)i^^ converges to a constant map vfi^ : 



7.10. Involution lemmas. In this subsection we collect some lemmas on holo- 
morphic maps between Riemann surfaces with anti-holomorphic involutions. These 
lemmas, collectively referred to as the involution lemmas, will play an important 
role in Section 7.11 and in the sequel [CGH2]. 

Our starting point is the following observation, whose proof is straightforward. 

Observation 7.10.1. Let Si, S2 be Riemann surfaces with anti-holomorphic in- 
volutions Li,i2, respectively. If f : T,i —?■ T,2 is a holomorphic map, then f := 
62 o / o 61 is also holomorphic. Moreover, if f = f, then /(Fix(ti)) C Fix(i2), 
where Fix(ij) is the fixed point set of Li. 

There are four versions of the involution lemma; the first two will be used in this 
paper and the last two only in the sequel [CGH2]. We start by introducing some 
common notation which will be used in all four versions: For i = 1, 2, the Riemann 
surface Sj is an open subset of CP^ which is invariant under complex conjugation 
and has finitely generated fundamental group; moreover no component of CP^ — S j 
is a single point. The complex conjugation on CP^ restricts to an anti-holomorphic 
involution : Sj ^ Sj. On each Sj we fix "radial rays" 

7^i = Si n (iR-° u {00}). 

The asymptotic marker Tli{0) is the connected component of ToMP^ — {0} (i.e., a 
tangent half-Une) consisting of vectors with negative -component; similarly, the 
asymptotic marker TZj {00) is the component of TooMP^ — {0} that is mapped to 
Tii{0) under the inversion z 1-^ i. The radial rays TZi and their related asymptotic 
markers are invariant under the involution ij. In this section we will use the notation 
B for the open unit disk in C, considered as a Riemann surface. 

Lemma 7.10.2. Given S, as above, there is a compact Riemann surface with 
boundary Sj with a biholomorphism S, — )■ int{T,i). Moreover there is an anti- 
holomorphic involution ij : Sj — >^ Sj such that the diagram 



Sj*- Sj 



commutes. 
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Sketch of proof. We outline the proof of the first statement. Use the uniformization 
theorem to identify the universal cover of S = Si or S2 with the open upper half 
space H. Let G C PSL{2,'R) be the deck transformation group of H such that 
M/G = S. If G is finitely generated, then {dM — is a collection of boundary 
circles of E, where LcdMis the limit set of G. Hence S = (M - L) /G. □ 

Note that Si will not necessarily be the closure of in CP^. However, when 
referring to points in the interior of Sj, we denote them by the corresponding point 
in Sj. In the same way we view the radial rays TZi as subsets of Sj, and the 
asymptotic markers as tangent half-lines to S,;. Lemma 7. 10.2 implies that they are 
invariant by the involution on Sj. 

The image of an asymptotic marker by a holomorphic function is defined by the 
differential at regular points. At singular points the local behavior of a holomorphic 
map still allows us to define the image of a tangent ray. 

For the first version of the involution lemma, let 

El = CF^ - ([ai, 02] U • • • U [a2p_i, a2p]), 

where Oj € and ai < ■ ■ ■ < a2p, and let S2 = B. We write dT^i = U 
• • • U (9pSi, where 9jSi, i = I, . . . ,p, corresponds to the slit [a2i-i, a2i]- 

Lemma 7.10.3 (Involution Lemma, Version 1). Let / : Si — > S2 a holomor- 
phic map which is a q-fold branched cover with q > p, such that: 

(i) /(a,Si) = as2, i = i,...,p; 

(ii) /^HO) = {00}; and 

(iii) /(O) e 7^2. 

Then f maps Fix(/,i) to Fix(i2) and 7^i(oo) to 7^2(0). 




Figure 5. The map in Lemma 7.10.3. The left-hand side is 
Si, where the point at infinity is represented by the dotted circle, 
and the right-hand side is S2. The thicker lines on left-hand side 
are the slits [a2i-i,a2i] and the thinner lines are the asymptotic 
markers. The cross on the left is the origin and the cross on the 
right is /(O) G 7^2- Lemma 7.10.3 states that / maps the asymp- 
totic marker 1^1(00) at 00 € Si to the asymptotic marker 7^2(0) 
atO G S2. 
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Proof. We claim that f = f = L2 o f o ti. To compare / and /, we consider their 
quotient Q = f/f. We observe three facts: 

(1) Q has no poles, since / and / have zeros only at cxd and their orders agree. 

(2) \Q{z)\ = 1 for all z G dT,i, so the maximum modulus theorem impUes 

thatQ(Si) cS = {\z\ < 1}. 

(3) The degree of Qlg ' viewed as a map to = 9B, is zero, since 

dcg(/l9,s,) = dcg(/la^s,)- 

If Q is not constant, then by (3) there must be a branch point of Q along 

In particular, (^(Si) B, which contradicts (2). Hence Q is a constant map and 

f = cf for some c G C — {0}. Now (iii) impUes that c = 1, and we have f = f. 

Finally we apply Observation 7.10.1 to conclude that / maps Fix(ti) to Fix(/,2) 
and, by (iii), maps TZi (00) to 7^2(0). □ 

The proofs of the other versions of the involution lemma are similar, and will be 
omitted. 

Lemma 7.10.4 (Involution Lemma, Version 2). Let Si = S2 = CP^ and Oj G 
M-° with ai = < a2 < ■ ■ ■ < ttp. Assume / : Ei — > E2 a holomorphic map 
which is a q-fold branched cover with q>p, such that: 

(i) /"Hoc) = {0,1, . . . ,o,p}; 

(ii) f-\Q) = {00}; and 

(iii) / maps 7ti(0) to 7^-2(00). 

Then f maps Fix(ti) to Fix(i2) and 7ti(oo) to 7^2(0). 

Lemma 7.10.5 (Involution Lemma, Version 3). Let Si = E2 = B and ai G M-° 
with Oi = < 02 < • • • < Op < 1. Assume / : Si — )■ S2 is a holomorphic map 
which is a q-fold branched cover with q > p, such that: 

(i) f'HO)_={ai,^.,ap}; 

(ii) /-^aSi ) = aS2; anJ 

(iii) / maps 7ti(0) to 7^2(0). 

Then f maps Fix(ii) to Fix(i2). Moreover /(—I) = —1. 

For the fourth version of the involution lemma, we consider Si = B— ([ai,a2]U 
• • • U [a2p-i, a2p]), where G (0, 1) with ai < ■ ■ ■ < a2p, and S2 = {.R < \z\ < 
1}, where < i? < 1. We write aSi = (?oSi U • • • U 9pSi, where 9oSi is the 
boundary component which can identified with {\z\ = 1} and SjSi, i = 1, . . . 
corresponds to the sUt [a2i-i, a2i]. 

Lemma 7.10.6 (Involution Lemma, Version 4). Let / : Si ^ S2 a holomor- 
phic map which is a q-fold branched cover with q > p, such that: 

(i) /(9iSi) = {\z\ = 1} when i el C {!,... ,p}; 

(ii) /(5jSi) = {|2;| = R} when i = or i ^ I; and 

(iii) /(O) G 7^2. 

Then f maps Fix(ii) to Fix(t2). Moreover /(—I) = —R. 
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See Figure 6. 




Figure 6. The map /j^i in Lemma 7.10.6. The left-hand side is 
El and the right-hand side is S2. The thick lines on the left-hand 
side are the slits [021-1, a2i]- The cross on the left is the origin and 
the cross on the right is /(O) G 7^2- The dots represent —1 € SSi 
and /(-I) G (9^2. Lemma 7.10.6 states that /(-I) = -R. 



7.11. Elimination of some cases. We are now in a position to eliminate some of 
possibilities that appear in Theorem 7.7.1: 

Theorem 7.11.1. Suppose m » 0, e, (5 > are sufficiently small, Uoo G dM.^{e, 5,p), 
and v'q 7^ 0. 

(i) Ifi = 2, then the 3-level subbuilding described in Theorem 7.7.3 does not 
occur 

(ii) Ifi = 3, then Cases (2)— (6) of Theorem 7.7.1 do not occur 

We briefly sketch the idea of the proof. In all the cases that are eliminated by 
Theorem 7.11.1, the (unique) component of Uj^iV^j C Uoo which is asymptotic to 
a multiple of 60 at the negative end has ECH index 1 = 1. 

Suppose that, for m ^ 0, there is a sequence of holomorphic curves which 
converges to a configuration Uqo that we want to exclude. In Section 7.9, we applied 
a rescaling argument to construct a holomorphic building which keeps track of 
how the limit is approached; this is similar to the layer structures of lonel- 
Parker [IPl, Section 7]. In the simplest case, this building is a holomorphic map 

TV is 

Woo ■ C which satisfies the asymptotic condition lim - — °° = 

s^+co \Woo{s,t)\ 

fab{t), where fab{t) is a normalized asymptotic eigenfunction of an I = 1 curve 
with a negative end asymptotic to 60. The condition / = 1 is used as follows: since 
there are only finitely many 1 = 1 curves with negative ends asymptotic to 60, we 
may assume that —10 {fab{^)} as explained in Remark 7.8.8. 

Remark 7.1 1.2. In this subsection we identify cl{B^) ~ D so that p+ corresponds 
to and p_ corresponds to 1. There is an anti-holomorphic involution l on that 
fixes the half-line {t = |}, and {t = |} corresponds to the radial ray IZ = DfiM-^ 
by Observation 7.10. 1. In particular, fn^ is mapped to a point on TZ. 

Similarly we identify cl{B') ~ CP^ so that p+ corresponds to 0, p_ corresponds 
to 00, and {t = |} corresponds to the radial ray M-°, 
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We now use the involutions lemmas from Section 7.10 to obtain a contradiction. 
By the involution lemmas and the symmetric placement of the basepoint m^, we 



-1 ^ {fabil)}. 



obtain that Woo o l = i o w^c- Hence lim — |— ■ = — 1, which contradicts 



7.11.1. Proof of Theorem 7.11.1. In this subsection we use limiting arguments in 

which m ^ oc and /?„i hoo', see Section 7.8.4. Hence many of the almost 
complex structures and moduh spaces will have an additional subscript m, where 
m = oo is also a possibility. For example, J'm and J-^m refer to J' and J- with 
respect to m. 

Let J'oo G (i7'oo)*^^ and let J'm € {J'mYJ^^ be a nearby almost complex 
structure with respect to the integer m, ^ 0. Let J_,m G j'-^m be an almost 

complex structure which restricts to J'm and let J^_ ^ be (e, ?7)-close to J-^m- 

We will treat Theorem 7.7.1 in detail and leave Theorem 7.7.3 to the reader. 
Suppose that, for a sequence mi — )■ oo, there sequences Uij of J_^.-holomorphic 

curves which converge to a J^_ ^.-holomorphic building Ujoo falling into one of 

Cases (2)-(6). 

Elimination of Case (2). Suppose for each i the sequence Uij converges a building 
Uioo satisfying Case (2). By Theorem 7.9.15, we obtain a holomorphic map u^oo : 
cl{B-) — > CP^, whose restriction to int{cl{B-)) is a biholomorphism onto its 
image. 

We apply the Involution Lemma 7.10.3 to obtain a contradiction: Let Si be the 
compactification of Si = CP^ — [ai, 02] and let S2 = cZ(S_) be identified with 
B as in Remark 7.11.2. Let / : Si — >■ S2 be the extension of (f«oo|mt(d(B_)))~^- 
Such an extension exists because Si is biholomorphic to the open unit disk and 
biholomorphisms of the open unit disk extend continuously to the boundary. 

By Lemma 7.10.3, / maps 7ti(oo) to 7^2(0) and, conversely, Woo maps 7^-2(0) 
to 7t.i(oo). Since the asymptotic marker 7^2(0) in S2 corresponds to the asymp- 
totic marker {t = |} for p-|- G cl{B-) by Remark 7.11.2, 7ti(oo) is a bad radial 
ray (in the sense of Definition 7.8.7) by Theorem 7.9.15(2). This contradicts Re- 
mark 7.8.8, so we have ehminated Case (2). 

Elimination of Cases (3) and (4). We will treat Case (4); Case (3) is almost iden- 
tical. Suppose for each i the sequence Uij converges to a building Ujoo satisfying 
Case (4). By Remark 7.7.2, for each i, the total number of branched points of 
U"^_^Vj j is one. If we exercise some care in choosing the diagonal sequence in 
Lemma 7.9.4, we can divide the argument for Case (4) further into Subcases (a), 
(b), (c), (d') and (d") as in Section 7.9.8, depending on the behavior of the branch 
points of the maps Wb^ 

Subcases (a) and (b). By Theorem 7.9.16, we obtain holomorphic maps 

Woo ■■ d{Foo) CPS Poo : -Poo ^ -B-, 
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where Woo\^^^f-^^i^p is a biholomorphism onto its image Si = CP^ — ([ai, 02] U 

[as, 04]) and p^o is a branched double cover with one branch point. Let Si be 
the compactification of Si as in Lemma 7.10.2, and let S2 = cl{B_) be identi- 
fied with D as in Remark 7.11.2. We define / : Si ^> S2 as the extension of 
Poo ° (^oo|j„t(ci(F )))^' ^^^^ extension exists because Si is biholomorphic 
to an open annulus, and biholomorphisms of the unit annulus always extend to 
the boundary. At this point we apply Lemma 7.10.3 as in Case (2) to obtain a 
contradiction. Case (b) is completely analogous and can be excluded in the same 
way. 

Subcase (c). By Theorem 7.9.19, we obtain pairs of holomorphic maps 

where ★ G {m, b} and * G {0/ , — }, as appropriate. The map restricts to a 
biholomorphism of int{d{F^)) with S™ = CP^ — [ai, 02] and the map is a 
degree 1 branched cover (i.e., a biholomorphism). Let S'l" be the compactification 
of T,f. Identify S^ = d(5_) with D as in Remark 7.1 1.2. Let J'" : S^ S^ be 
the extension of p^ o («^S)lint(d(F'"))''~^' ™ Case (2), Lemma 7.10.3 implies 
that /"^ maps nf{oo) to Tlf{0) and, conversely, maps Ttf (0) to nf{oo). 

Next we consider the "upper level" {w^,p^). The map : cl{F^) — )■ 
CP^ is a biholomorphism and the map : — > B' is a branched double 
cover with one branch point. We define f = pI^ o (w;^)"^ : CP^ ^ CP\ 
using the identification cl{B') ~ CP^ from Remark 7.11.2. By Theorem 7.9.19(9) 
and the previous paragraph, maps 7ti(0) to 7?.2(oo). Then, by Lemma 7.10.4 
and Theorem 7.9.19(7),(8), f maps 7ti(oo) to 7^2(0). As in Case (2), this is a 
contradiction because 7?.i(oo) is a good radial ray. 

Subcases (d') and (d"). By Theorem 7.9.20, we obtain a holomorphic map : 
d{F^) CPi which restricts to a biholomorphism of int{cl{F^)) with CP^ - 
[ai, 02]. Then the proof proceeds as in Case (2). 

Elimination of Cases (5) and (6). The limit configurations of Cases (5) and (6) 
must contain a connector over Sq. This impUes that Theorem 7.9.19 appUes, and 
we obtain pairs of holomorphic maps 

wt,:cl{F^)^CF\ p*^:F^^B*, 

where * G {m,b}, * G {0/,-}, c^(F^) ~ 1, and d{F^) ~ CP^ Then the 
argument of Case (4c) applies. 

This completes the proof of Theorem 7.11.1. 

7.12. Proof of Lemma 7.2.3. We begin with the following corollary of Theo- 
rem 7.11.1. 
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Corollary 7.12.1. Suppose r?^ 3> and e, 5 > are sufficiently small constants. If 
u G Al|i(£, S,p) or M.^^'^°\e, S,p), then Im(u) n Kp^2S 7^ 0- In the latter case, 
ro 3> and £, (5 > are sufficiently small constants which depend on tq. 

Proof. Arguing by contradiction, suppose there are sequences £j,(5j and 
G <5i,p) such that Im(Mj) n -Kp,25i / 0- Then the hmit € 

9^|_(0,0,p) of has a nontrivialiJo component. By Theorems 7.7.1 and7.11.1(ii), 
Uoo satisfies Case (1) of Theorem 7.7.1. Hence, for ? 3> 0, ttj G G{^(j.^)), which 
is a contradiction. The case of n G ^jai^i ^i P) easier and is a consequence of 
Theorems 7.7.3 and 7. 1 1 . 1 (i). □ 

Proof of Lemma 7.2.3. Suppose that G diM.^. We are in the situation of 
Lemma 7.6.2. If vq is a degenerate VF_-curve, then Hvq) > 4 by Equation (7.6.6) 
since g > 1. Therefore degenerate W --cwyt?, are ruled out by Constraint (i) of 
Theorem 7.7.1. Hence vq is a W^_-curve and the other levels Vj, j ^ 0, are multi- 
sections of W' or W. In this case, the curve vq is simply-covered. Corollary 7.12.1 
implies that the component through m also intersects Kp^25- Hence passing through 
m is a generic condition and we must have ind(wo) > 2 and I{vo) > 2. This gives 
us two options: either 

(a) 6 = 0, 1{va) = 1, and I(v.j) = 0, j = 1, . . . , a - 1; or 

(/?) a = 0,b = 1, and I{v-i) = 1. 
Ghost components are not possible since each ghost component takes up ind > 2 
by Lemma 6.1.7. Hence Uoo G Ai U ^2- D 

7.13. Gluing. The goal of this subsection is to prove Theorem 7.2.2. 

7.13.1. The moduli space M. Let e = ^, where m is a sufficiently large integer 
and let rjs : [— tt, tt] — )■ M be a smooth map such that: 

• nei9) = efor -TT < 6* < 0i; 

• r]s{9) = for 02 < 6* < vr; and 

• % is monotonically decreasing for 9i < 9 < 62; 
for some — tt < 9i < 02 < tt. 

We consider the usual coordinates {s,t) G M x [0, 2]/(0 2) on B_ and pa- 
rametrize dB^ in an orientation-preserving manner by a coordinate 9 G (— vr, vr). 
We also fix an identification of cl{B-) with D such that p+ is mapped to and p_ 
is mapped to —1. 

Definition 7.13.1. Let jV = A/^^ be the space of holomorphic maps w : S_ C 
such that the following properties hold: 

(Ni) u>(e*^) G M+ • e*'?-('^) for all 9 G (-7r,7r); 



(N2) lim 

s— >— 00 



< 00 for some ci G M"*"; and 



(N3) lim -C2e^(^+^*) 



s— >-+oo 1 



< 00 for some C2 G 



In particular: 

(N4) deg(i(;) = 1 away from the sector {0 < ^ < e} C CP^; and 
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(N5) after composing with the chosen identification cl{B-) = O, w extends 
continuously to a B so that w{0) = w{—l) = 00. 

Multiplication by a real constant gives an M+-action on J\f. 

Even though J\f is the space we are interested in, it will be convenient for techni- 
cal reasons to regard Af as an open subset of a vector space M obtained by relaxing 
properties (Ni)-(N3). 

Definition 7.13.2. Let M = Mri^ be the space of holomorphic maps w : — > C 
such that the following properties hold: 

(Ni) w{e^^) G R • e^^^(^) for all 9 G (-tt, tt); 



(N2) lim 

s— 00 

(N3) lim 



< 00 for some c\ G M; and 



< 00 for some C2 G C. 



In order to compute the dimension of A^, we identify S_ with D — {—1,0} 
and M with the space of the holomorphic sections of a holomorphic line bundle 
E with values in a real rank one subbundle F along dH — {—1}. 

We construct the bundles E and F as follows. Consider a cover of B by three 
open sets 

i7o = B - {0, 1}, [/i = {z G B I |z| < 1/3}, C/2 = G B I |z + 1| < 1/3}. 

Over each open set we take a trivial line bundle Ei = C x Ui Ui and define the 
bundle E by gluing the bundles Ei via the transition maps 

V'l : EoluonUi EiluonUi, ipi{z,v) = {z,zv), 

( / -2 + 1 



-z + 1 



Let tte^ : E'j = C X C/j — > C be the projections corresponding to the trivializations. 
If we parametrize 5B — {—1} by ^ G (— 7r,7r), the subbundle F is given, as a 
subbundle of Eq, by F{e) =R -^e'^'i^l 

It is convenient to view E = B — {— l,0}asa surface with a negative strip-like 
end and a positive cylindrical end and £' as a line bundle over E. Let {—oo,—R)x 
[0, 1] be a strip with coordinates (s, t). We identify the strip-like end ZofH with 
(—00, —R) X [0, 1] via the map 

g7r(s+it) _ ^ 

</. : (-00, -i?) X [0, 1] ^ S, 0(^,0 = 

Here the fractional linear transformation -B((^) = ^ maps the upper half plane H 
to the unit disk B and to -1. Observe that A{Q = ii^^) which appears in the 
definition of ■02 is the inverse of B{Q. Hence the gluing map -02 becomes 

with respect to coordinates {s,t). 
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The linear Cauchy-Riemann operator 

D : F) LP(r°'iE ®c E) 

is Fredholm for p > 2 and its kernel consists of smooth holomorphic functions. 
We denote by H^{E, F) its kernel and by H'^ {E, F) its cokemel. 

Lemma 7.13.3. There is an identification H^{E, F) = J\f for every choice ofrj^. 

Proof. The isomorphism H^{E, F) = Af associates to a holomorphic section ^ G 
H^{E, F) the holomorphic function tteq o ^ : E — > C, i.e., tteq o ^ is obtained by 
writing with respect to the trivialization of Eq. On the negative end Z we can 
write 

n>l 

since vr^-j o ^ is holomorphic. By applying the transition function tp2^' obtain 
that the leading term of tteq o ^ on Z is e-£(«+«*)+*£^ which is condition (N2) in 
Definition 7.13.2. For a similar reason tteo ° ^ has a pole at of order at most 
1. □ 

We will consider also the compactified surface S obtained by adding the "seg- 
ment at infinity" to the strip-like end Z. Alternatively, S admits an identification 
with the truncated surface E — Z. Let £^ — > E be the line bundle obtained by 
extending E T,. 

Lemma 7.13.4. ind D = 3 for every choice ofrj^. 

Proof. We decompose dT, = cl{dT,) U (3E — 5E), where 9S — 9E corresponds to 
the "segment at infinity" of the negative strip-like end Z and cZ(5E) is the closure 
of aE in dt. We parametrize cl{dT.) by 6* € [-vr, vr] and dt - ^E by 0' G [0, 1] 
in a manner compatible with the orientation of E induced by the complex structure 
on E. In particular, 9 = —tt is identified with 6' = 1 and ^ = tt is identified with 

e' = 0. 

We define a trivialization r of E'l^g by: 

J t{6) = e^^"^^^ along cZ(3E), with respect to the trivialization of Eq, 

\ t{9') = — e*('^+^)^' along 9S — 9E, with respect to the triviahzafion of £'2- 

We also define a Lagrangian subbundle F C E\Q^by F\qy, = F and rotating it in 
the counterclockwise direction by the minimal amount on 9S — 5E. This means: 

f F{e) = R • e^''^(^) along cZ(5E), with respect to the trivialization of ^o, 
\ F{9') = R ■ e^^^' along dt - 5E, with respect to the trivialization of £^2- 

By the doubling argument of Theorem 5.5.1, Lemma 5.5.3 (or, rather, its proof) 
and the formula for the index of the Cauchy-Riemann operator on line bundles 
over punctured surfaces (see for example [We3, Formula 2.1]), the index of D is 

indD = x(B) + + 2ci(£,r) - L 

From the explicit definitions of r and F one computes that i^t{F) = — 1 and 
ci {E, t) = 2. Hence ind D = 3. □ 
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Lemma 7.13.5. The operator D is surjective for every choice of rj^. 

Proof. In view of Theorem 5.5.1, the surjectivity of D follows from [We3, Formula 
2.5] and [We3, Proposition 2.2(2)] applied to the double of D. □ 

Corollary 7.13.6. The real dimension ofJ\f is 3 for every choice ofrjs. 

7.13.2. The maps (B and ^. We define an M-linear map: 

£ : A/"^^ ^ M X C, 

in ^ (ci,C2), 

where ci, C2 are the coefficients from (Ni) and (N2) of Definition 7.13.2. 
Lemma 7.13.7. The map <B is an isomorphism. 

Hence (B{Af) is an open positive cone contained in x . 

Proof. It suffices to check that £ is injective. This follows from the winding 

number argument of [Se2, Lemma 11.5], which we sketch: First observe that 
ker (£ consists of holomorphic functions u : D ^ C such that u{—l) = and 
tt(e*^) G M • e'''=(^) for all 9 G (-vr, vr). Suppose that « G ker g and u ^ 0. Given 
z G B, let u{z) be the order of zero at z, with the convention that u{z) = if 
u{z) 7^ 0. Then, by analyzing the boundary and asymptotic conditions of u, we 
obtain 

(7.13.1) J2 '^(^) + ^ E Hz)<0, 

2emt(S) zg(9E 

where the right-hand side comes from half the Maslov index of F, suitably ex- 
tended across the boundary puncture. □ 

Next we prove that Af is nonempty for any choice of %. 

Lemma 7.13.8. Letuo = £-^(1,0). Then uq :!]) ^ Cis a meromorphic function 
with a pole at -I and ito(e*^) G • e*''^^^). 

Proof The only nontrivial part of the statement is that uq has no zeros along the 
boundary. In this case the analog of Equation (7.13.1) is: 

which impUes that uq has no zeros. □ 
Corollary 7.13.9. A/" is nonempty for any choice ofrj^. 

Proof. Take any u & Af with 02 ^ 0. Then u + cuq G M for any c sufficiently 
large. □ 

Lemma 7.13.10. If ci,C2 7^ 0, then £~^(ci,C2) either has a simple zero in the 
interior or has two zeros (counted with multiplicity) along the boundary. 
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Proof. The analog of Equation (7.13.1) for tt; = (J ^(ci, C2) with ci, C2 / is: 

due to the contribution of the pole at 0. □ 

In particular the maps in N have a unique zero in the interior. We denote ¥N = 
M/'U.'^, where acts on J\f by multiplication and we define the maps 

^■.Af^B- {0}, : PA/" ^ B - {0} 

by diw) = w-\0) and d{[w]) = d{w). 

Lemma 7.13.11. The map ^ : PA/" ^ B - {0} is a dijfeomorphism. 

Proof. We first prove injectivity. Let wq and wi be maps in N such that Wq^{^) = 
w'^^iOi). Then a; = ^ is a holomorphic map on B such that a;(5B) C M, so it is 
constant. Then wq and wi represent the same element in PA/". 

Next we prove surjectivity. Fix an element u;o G M and let zq G B such that 
wo{zq) = 0. For any 2; G B — {0, zq} we look for a holomorphic function ojz : 
B ^ CP^ such that oj^{z) = 0, oJz{zo) = 00, and ^^(aB) c M+. By the argument 
of the previous paragraph, if such Uz exists, it is unique up to multiplication by a 
positive real constant. Moreover, w = uJzWq G J\f and w{z) = 0. 

We can construct cOz with the desired properties as 

^.(C) = /((5(C))'), 

where : B ^ EI is a fractional Unear transformation such that g{zo) = i, 
Re{g{z)) = 0, and < lm{g{z)) < 1, and / : CP^ 4 CP^ is an element of 
PS'L(2,M) (i.e., / fixes the real axis) such that f{{g{z))^) = 0, /((^(^o))') = 
/(—I) = 00, and /(O) = 1. Note that / and g are uniquely determined by the 
above conditions. 

Finally we prove that is a diffeomorphism. We define = cOzWo G M; 
then ^~^{z) is the class of r.{z) in FJ\f. The map H is smooth because the maps 
/, g, and hence ujz are rational maps whose coefficients depend smoothly on z. 
Then in order to prove that 5 is a diffeomorphism it suffices to prove that (E{z) is 
injective for any 2; G B — {0}. 

In order to distinguish the differential of H at z G B — {0} from the differential 
of the function 'E,{z) : B — {0, —1} — )• C, we will use the notation dE{z) for the 
former and for the latter. We define the map 

F:A/'x (B-{0}) ^C, F{w,z) = w{z). 
By differentiating the identity F{E{z), z) = Owe obtain 

-d.(.) + - = 0. 

We observe that ^ | = , which is invertible because 2; is a simple 

zero of ^(z). Hence dE{z) is injective. □ 
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7.13.3. Proof of Theorem 7.2.2. We refer to Section 7.2 for the definition of the 
moduli spaces M.i, M.o, and A^-i, and of the gluing parameter space ^. In order 
to simplify the exposition we will assume (without loss of generality) that all the 
multiplicities of 7' are 1 and that each of 7Wi/M, A^o^ and Al_i/M is connected; 
in particular, both A^o and A^_i/R are single points. 

We choose a smooth sUce M.\ of the R-action on A^i such that the following 
hold for some Kq, > Kq > it — e, and for all Ui G M.i: 

• each component of v\\s<o is (kq + koj 0)-close to a cyUnder over a com- 
ponent of (^07'; and 

• the component v\ oivi\s<Q which is close to a'^ satisfies 

< Koe^"^ 

where ce'^** is the normalized asymptotic eigenfunction corresponding to the neg- 
ative end 5q of Ui and vr = T^Dp^ is the projection to with respect to balanced 
coordinates. By a slight abuse of notation, we will refer to «;Qe('^~^)*(ce'^**)|5=o = 
Kpce'^'* as the asymptotic eigenfunction of wi at 6q. 

Similarly, we choose a smooth slice A4.-i of the R-action on 7W-i such that the 
following hold for some k'^, ki > Ki > 2e: 

• each component of V-i\s>q is {n'-^+Ki , 0)-close to a strip over a component 
of {zoo} U y'; and 

• the component u_i of u_i|s>o which is close to a^o satisfies 

(7.13.3) \ttov-i - K[e-^^'{de-''*)\ < Kie'^^', 

where de"^'* is a normalized asymptotic eigenfunction corresponding to the pos- 
itive end Zoo of V-i. Note that d is completely determined by the data {(i, j) — >■ 
(i, j)} at the positive end Zcx>. Without loss of generality, we assume that Uij = 
R+, h{aij) = R+ • so that d = e'^. Similarly, we refer to K[e-^^^de-^'^\s=o = 
/t'j^de"^** as the asymptotic eigenfunction of v_i at z.^. 

In the rest of this section, when we write v-i, i = 1,-1, we will assume that 
Vi is in the slice Mi. Also, for T G M and i = ±1, let Vi^x be the T-translates 
of in the R-direction; i.e., if s : W — >■ R, * = 0/, is the R-coordinate, then 
s o Vi^T = s o t'i + r. Let f{t) = ^e'^** be the asymptotic eigenfunction of vi 
at 5o with eigenvalue vr — e. Then the asymptotic eigenfunction of Ui y at 5o is 
^-(n-e)Tf_ Similarly, let g{t) = aoe**^^ ' be the asymptotic eigenfunction of 
v-i at Zoo with eigenvalue 2£. Then the asymptotic eigenfunction of v_i,t at Zoo 
is e^^'^g. 

In this subsection we fix 7 G ©23 and y G »Sa,/i(a) once and for all. Since there 
is no risk of confusion, we will write 

M = M^=3''^"='"(7, y), 7W^-* = ;^^=3,n-=™,-*(^^ y). 

After identifying the quotient Mi/M. with the slice Mi for z = ±1 we write 

<P = (5r, 00)^ X Ml X Mo x M-v, 



(7.13.2) 
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compare with Equation {1 .12). We describe the gluing map 

defined in a manner similar to that of Section 6.5.2. First we form the preglued 
curve (D) from the data D = {T± , , , u_i ) by patching together 

{vi^2T+)\s>T+, ^o|-T_<s<r+, (^^-l,-2r_)|s<-T_- 

Then we choose cutoff functions Pi, i = —1, 0, 1, on the domain of Vi. If 

tpQ, and V'l are deformations of U_i _2t_, vq, and vi^2T+, the condition for the 
deformation /3_iV^_i + (3o'<Po + of u*(()) to be holomorphic is given by the 
following equation: 

(7.13.4) ^_ie_i(v^_i,V'o) + ^oeo(V'-i,V'o,V'i) + ^161(^^0, V'l) = 0, 

Equation (7.13.4) is analogous to Equation (6.5.1) and is solved as in Step 3 of 
Section 6.5.2. The situation considered here is simpler than that of Section 6.5.2: in 
fact there is no obstruction bundle because IJq is regular. For r sufficiently large, G 
is a homeomorphism onto its image. Given 6 > small, let ^^(m^) be the closed 
ball of radius 6 and center m!' in iJ_ with respect to some fixed metric. Then let 
■^{k u) ^ M^^^ be the subset of curves u that pass through Ds{rn'') x {zoo} C W- 
and are (k, z^)-close to breaking. 

Claim 7.13.12. Mf^^^^ C M. 

Proof. Something stronger is actually true: if the image of It G TW'^^* intersects the 
section at infinity at a point in the interior of cr" , then u e Ai. This is a conse- 
quence of the intersection theory developed in Section 7.5: in fact n~{u) = m and 
the intersection point with at the interior already contributes m to n~{u). How- 
ever, ifueM^^^ — Ai, then the image of u also intersects at some boundary 
points, which give some extra contribution to n~ (u). This is a contradiction. □ 

Let T) = {T±,vi,vo,v-i) G ^. Writing = and u = u{'0), we define 

u;# = and w = w{'0) as follows: 

(7.13.5) w* = e" • (tt o u*|_2T_<s<2T+) and w = e^^ ■ (tt o ^z|_2T_<s<2^+)• 
The map w is holomorphic by Lemma 7.9.6. 

Lemma 7.13.13. Let Di = (T+^j, TL^j, vi^i,vo, V-i) be a sequence such that 
lim T± i = -l-cxD and lim vi j = Ui,oo £ Mi. Then the sequence Ui = G{'Oi) has 
a subsequence which converges to (i^i,oo)^0)^-i)- 

Proof. The lemma is a consequence of the following standard gluing result (cf. 
[HT2, Theorem 7.3(a)]): Given {k, u), there exists r » such that G{J}) is (k, v)- 
close to 9 for each G ^ = (5r, cx))^ x Mi x A^o x M-i. □ 

Lemma 7.13.14. Let c)„ = (r+ ^n,T—^niVi^niVo,V-i) be a sequence such that 
lim T±n = +00. Letnin = u(pn)~^ {o'^) and let fn{t) = Pne^^^ be the asymp- 

n— >+oo ' 

totic eigenfunction ofvi^n cit the negative end 5q. Then, after rescaling by positive 
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real numbers and taking a subsequence, the sequence Wn = w{Pn) of holomor- 
phic functions defined as in Equation (7.13.5) converges in the C^-topology to a 
holomorphic map Woo € A/^- Moreover, Woo satisfies the following conditions: 

(1) if lim /3„ = /3oo, then: 

n— >+oo 

(i) ^{woo) = (Aiao) ^2^00) for some Ai, A2 > 0, Ai, A2 not both zero; 

(ii) n(t)„), after rescaling by positive constants, limits to ^{woo); 

(2) if lim fSn = fSoo G int{B-), then w^{moo) = and Woo G J\f. 

Proof. By Lemma 7.13.13 we can extract a subsequence (which we still call Di) 
such that it(9j) converges to Uoo = (^'l,oo, ^'O; ^^-i)- By the SFT convergence of 
ir(D,) to we obtain a sequence of good truncations satisfying the estimates 
of Lemma 7.9.4. The proof of Theorem 7.9.15 then goes through essentially un- 
changed. □ 

Let Wo G A/^ be a map such that wo{xn'') = and let Us C A/" be the subset 
consisting of maps w such that w{m) = for some m G Ds{m'^). Note that Us is 
an M+-invariant open neighborhood of wo. We now have the following diagram: 



■A/" D Us. 



The map 11 is defined as follows: 

n(r±,ui, vo,u-i) = (a,/3), 

where ae*'^(^~*) is the asymptotic eigenfunction of U_i._2T_ at z^o and /Je*'^* is the 
asymptotic eigenfunction of ui,2T+ at Sq. Let us write ^s '■= ^~^{^{^s))- Then 
^5 C ^ is an open set since £ is a diffeomorphism. 

Lemma 7.13.15. Ifr is sufficiently large, then the following hold: 

(1) Mlil^nlm{G)GG{^s/2)- 

(2) Gi^2S/3) C intiMl^^^). 

Proof. (1) We show that, for r sufficiently large, if 



m 



then G ^5/2- Arguing by contradiction, suppose there exist sequences Vi — )• 00, 
= iT±,i,vi,i,vo,v-i) ^ ^s/2, and mi G Ds/si'm'') such that r±,i > 5rj 
and u{'i)i)~^ (a^) = nii. By passing to a subsequence, we may assume that 
lim Ttii = moo € £'55/i2(tS'') and that the asymptotic eigenfunctions of vi i con- 

verge to /Sooc'^** for i — > 00. We apply Lemma 7.13.14 to u{di) to obtain a holo- 
morphic map Woo G TV such that Woo{moo) = and Lemma 7.13.14(1) and (ii) 
hold. Since t)i ^ ^s/2 for all i, (ii) implies that (Aiao, Mfioo) ^ ^{^8/2)- On the 
other hand, u;oo has a zero in 1^55/12 (tS''), a contradiction. 
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(2) is similar to (1). Suppose there exist sequences — > oo and di = {T±^i, 
vi^i,vo,v-i) e ^2S/3 such that T±,i > Sr^ andu(Oi) ^ int{Mf^,^^). Bypassing 
to a subsequence and applying Lemma 7.13.14 to u{di), we obtain a holomorphic 
map Woo G such that (B{woo) € (B{U2s/3) by Lemma 7.13.14(ii). On the other 
hand, w^{0) ^ Ds{m'') since u{()i)-^{a^) ^ Ds{m'') by Lemma 7.13.14(b). 
This is a contradiction. □ 

Fix 6 > and take ro > 5r sufficiently large. We write 

^^25/3,(ro) := ^25/3 ^ d^(ro), 

where = {r+ > ro} C^mdd^^^^) = {T+ = ro}. By Lemma 7. 13. 15(2), 
we can define 

(7.13.6) r :d^2S/3,(ro)^Dsirii'), 

which maps t) to G(D)^^ {(^^)- Since d^2S/3,{ro) compact, the map T' is proper 
and the local degree is well-defined. 
Also define 

(7.13.7) T" = ^ o (£-1 o n : d^25/3,(ro) ^ ^<5("^')- 

The map T" is well-defined by the definitions of ^25/3 ^<5- It is also proper 
and the local degree is well-defined. 

The maps T' and T" are sufficiently close in the following sense. 

Lemma 7.13.16. For any k, T' and T" can be made arbitrarily -close by choos- 
ing ro sufficiently large. 

Proof. Follows from Lemma 7.13.14. □ 

In particular, the local degrees of T' and T" near in^ agree. The local degree 
of T' is equal to the left-hand side of Equation (7.2.3), while the local degree of 
T" is equal to the right-hand side of Equation (7.2.3). (We were assuming that 
each of 7Wi/M, Mo, and A^_i/M is connected.) This completes the proof of 
Theorem 7.2.2. 
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